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ABSTRACT
Wheel slip problem has been mainly studied in the fields of vehicle dynamics and
outdoor mobile robot navigation. Different from these areas that usually consider non-
holonomic Wheeled Mobile Robots (WMRs), this research focuses on the wheel slip
problem in the case of omnidirectional WMRs with Powered Caster Wheels (PCWs).
PCW-based WMRs are chosen because they are omnidirectional, singularity free and
redundantly actuated.
Most existing modelling methodologies of WMRs are based on the “pure rolling
without slipping” assumption, thus most existing motion control schemes of WMRs
assume that there is no slip and traction between the wheel and the ground is always
maintained. However, it is observed that slip often occurs in WMRs with PCWs.
Moreover, in mission critical tasks such as planetary exploration, traction between
the wheel and the ground must always be maintained and the wheel slip critically
determines the traction performance of the robot. These are the main motivations
for this research.
This research distributes the efforts on three main aspects of the wheel slip problem
for WMRs with PCWs: slip modelling, slip detection and slip control.
By removing the assumption of “pure rolling without slipping”, we model WMRs
with slip for both the kinematic and dynamic models. Borrowing ideas from vehicle
viii
dynamics, a new wheel-ground interaction model is developed that describes the ex-
plicit relation between slip ratio and traction force. For the convenience of describing
wheel slip and internal force analysis for WMRs with PCWs, longitudinal and lateral
velocities of wheel center are chosen as the generalized velocities of the robot, rather
than the rolling and steering velocities of the wheel.
Several slip detection and estimation schemes are proposed in this research. For
the purpose of explicit slip estimation, sliding mode observer based on the vehicle
dynamic model is proposed to estimate the actual vehicle velocity using only joint
angle measurements. All the proposed slip detection and estimation schemes are
easily realized and demonstrated to be suitable for real time implementation. The
performance of the proposed slip detection schemes is validated by both simulations
and real time experiments.
The main contribution of this research is the proposition of several slip control
schemes for effectively controlling the wheel slip effects. Sliding mode slip compensa-
tion scheme is proposed to achieve much better wheel motion synchronization. Slip
constraint force control scheme is proposed based on the internal force analysis for
WMRs with PCWs. Actuation redundancy of the mobile robot is used in the slip
constraint force control scheme to minimize wheel slip. In the slip constraint force
control scheme, the operational space space is decoupled with the internal force space
so that multi-objective control is achieved. Extensive simulation and experimental
results are presented to validate the performance of the proposed slip constraint force
control.
To extend the applications of the proposed slip detection and control schemes,
those schemes have been incorporated into the unified force/motion control framework
ix
for a mobile manipulator. Testing for a force controlled wheeled mobile robot is
presented with the slip constraint force control implemented. Slip control techniques
that are suitable for rough terrain navigation are also studied. Sliding mode slip ratio
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Wheeled mobile robot (WMR) is a particular type of robot that is the focus of this
research. As opposed to legged robots, WMRs are prevalent due to their high speed,
high payload and ease in achieving statical stability on even surface. But generally
speaking, WMRs are less flexible than legged robots and it is more difficult for WMRs
to traverse rough terrains. Therefore, the goal of developing truly autonomous vehicles
requires much more research efforts for improving the traversability of WMRs. Thus,
the main purpose of this research is to study the slip problem that is closely related
to the traversability of WMRs.
1.1 Background and Motivations
1.1.1 Traversability of Wheeled Mobile Robots (WMRs)
Wheeled mobile robots are widely used in both indoor structured environments
(Fig. 1.1) and outdoor rough terrains (Fig. 1.2). The ability of WMRs to accomplish
a task depends mainly on its mobility or traversability. Traversability of WMRs is
the capability of the robot to move from one location to another by negotiating with
the terrain. Studying the traversability of WMRs requires the analysis of the rolling
motion introduced by the wheels of the mobile robot. Rolling motion of a wheel is
characterized by its nonholonomic constraint and rolling friction.
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The nonholonomic constraint problem has drawn the most research attention of
WMRs because it introduces interesting and challenging problems for motion planning
and control [1, 2, 3]. On the other hand, some researchers have developed holonomic
and omnidirectional WMRs [4, 5, 6] to avoid the difficulties caused by nonholonomic
WMRs.
Rolling friction is the reactive force that the terrain acts on the rolling wheel.
Rolling friction is similar to the classical sliding friction but has its own characteristics.
Although rolling friction is the direct force that moves WMRs, it is not explicitly
considered in most existing WMR literature. This is because the assumption of
“pure rolling without slipping” is usually made in those literature [7, 8]. Based on
this assumption, rolling friction is considered as ideal constraint force that does not
often appear in the system’s equations of motion. However, this assumption is not
strictly correct for real rolling motion. In studying the traversability of WMRs, it
is necessary to consider rolling motion with practical slip effects. Slip is part of the
effects caused by the wheel-terrain interaction. Large amounts of slip would occur on
certain terrains and would negatively affect the traversability of the robot.
Slip is observed as the odometry error in mobile robot localization [9]. Slip is
usually compensated in high level non-realtime localization but not used for the low
level realtime motion control.
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Figure 1.1: Indoor planar smooth surface, one of the typical environments for
wheeled mobile robots. Image of the Pioneer P3-DX mobile robot. Source:
http://www.mobilerobots.com.
1.1.2 Vehicle Dynamics
Vehicle Dynamics is an old discipline that deals with the dynamics of ground ve-
hicles [10]. The main concern of vehicle dynamic control is on the safety and handling
issues (Fig. 1.3). Wheel-terrain interaction [10, 11] is one of the main problems in
vehicle dynamics. In order to improve the traversability of WMRs in rough terrains,
researchers working on WMRs have recently started to apply ideas of vehicle dynam-
ics to WMRs. A. Ghosal [12] and S. Shekhar [13] were the first few researchers to
discuss slip modelling for WMRs using the wheel-terrain interaction theory. J. Sven-
denius and B. Wittenmark [14] reported the wheel-terrain interaction phenomenon
and summarized a few dynamic friction estimation techniques. Different from J.
Svendenius’ method to estimate friction, more researchers such as K. Iagnemma and
3
Figure 1.2: Outdoor unstructured rough terrain, another typical environment for wheeled
mobile robots. Image of the Phoenix Mars rover. Source: http://nssdc.gsfc.nasa.gov.
S. Dubowsky [15] and J. Borenstein [16] were interested in estimating slip. In addi-
tion to the research in estimation techniques, researchers such as K. Yoshida and H.
Hamano [17] and Y. Hori [18] considered the problem of slip-based traction control.
1.1.3 Multi-Fingered Grasping
Multi-fingered grasping (Fig. 1.4) is another research area that considers the
slip problem. For stable grasping, it is always desirable to avoid slip in multi-fingered
grasping tasks. Finger tip force distribution and internal force analysis of the grasped
object are important schemes in multi-fingered grasping for slip avoidance and stable
grasping. The force distribution problem of multi-fingered grasping usually requires
4
Figure 1.3: The field of vehicle dynamics studies the dynamic behavior of ground vehicles.
How the wheel slip affects the dynamic behavior of the vehicle is well studied in vehicle
dynamics. Image source: http://www.zf.com.
the robotic hand to be redundantly actuated. Redundantly actuated systems have
more actuators than their degrees-of-freedom. Such systems are often found in par-
allel manipulators [19]. Some WMRs also adopt redundant actuation [16, 20]. J.C.
Alexander [21] and T.D. Murphey [22] were the only few researchers to consider the
slip effect on the dynamic model of redundantly actuated WMRs. R. Holmberg [23]
was first to consider the internal force problem for WMRs by using the Virtual Linkage
Model [24]. However, R. Holmberg did not introduce effective internal force control
strategies for WMRs.
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Figure 1.4: Slip problem also occurs in multi-fingered grasping tasks. Image of the DLR
hand grasping a glass bottle. Source: http://www.dlr.de.
1.1.4 Mobile Manipulation
An interesting problem we discovered along the slip study of WMRs is the chal-
lenge of controlling WMRs in mobile manipulations (Fig. 1.5). To achieve full dy-
namic control of the whole mobile manipulator, dynamic models of both the ma-
nipulator and the mobile robot are required. Due to the parallelism characteristic
of WMRs and the presence of uneven dynamics on individual wheel, controlling the
mobile robot in a mobile manipulator, especially in force control tasks, is more chal-
lenging than the manipulator. Since slip affects each wheel locally, the operational
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space control structure for the WMRs in mobile manipulations introduces extra dif-
ficulties for achieving satisfactory dynamic control performance.
Figure 1.5: A mobile manipulator is polishing a canopy. The interaction between the
manipulator and the canopy will affect the mobile robot and may cause the wheels to slip.
Image courtesy of the Singapore Institute of Manufacturing Technology.
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1.2 Research Gaps
Based on above introduction and discussions, the research gaps relating the slip
problem for wheeled mobile robots are addressed below.
• Most existing literatures dealing with wheeled mobile robot modelling assume
“pure rolling without slipping”, so it is important to consider the slip dynamic
effects and modeling problem for wheeled mobile robots.
• Slip is often considered in the mobile robot localization literatures. However, the
concern of those literatures is mainly on slip compensation for better localization
accuracy. Slip information in those literatures is not explicitly extracted for used
in the low level motion control to achieve robust mobility of the robot.
• As it is stated by R. Holmberg [23] that “Vehicle dynamics is an old discipline in
which the analysis of the kinematic and dynamic properties of wheeled vehicles
has evolved to embody deep and insightful knowledge of rolling mechanisms.
Its fascinating that the study of rolling motion is so refined when applied to
automobiles and yet very little work has been done with robots.” Thus it is
worthwhile borrowing ideas from vehicle dynamics for wheeled mobile robots.
• Slip problem is considered extensively in multi-fingered grasping tasks. Similar
to wheeled mobile robot, it is always desirable to avoid slip in multi-fingered
grasping tasks for stable grasping. Force distribution and internal force analysis
are well studied in multi-fingered grasping tasks for slip avoidance and stable
grasping. However, these problems are not well understood in wheeled mobile
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robots. Therefore it is interesting to introduce the concept of force distribution
and internal force analysis for wheeled mobile robots.
• Mobile manipulation is an important application for wheeled mobile robots. Full
dynamic control of the whole mobile manipulator leads to extra difficulties in
controlling the wheeled mobile robot, especially in force control applications. To
the author’s knowledge, few researchers have highlighted the practical control
issues of wheeled mobile robots in mobile manipulations, especially when the
manipulator is interacting with external environments.
1.3 Aims and Scope
The ultimate objective is to achieve robust mobility of wheeled mobile robots
in both structured environments and rough terrains. To achieve this objective, this
research focuses on developing effective slip control strategies for wheeled mobile
robots.
More specifically, a systematic study of the slip problem for wheeled mobile robots
is conducted by analyzing three main aspects of slip problem: modelling, detection
and control. For slip modelling, we focus on the dynamic modelling of wheeled mobile
robots incorporating actuation redundancy and practical vehicle dynamics. For slip
detection, we highlight the utilization of observer techniques for practical real time
slip detection and estimation. For slip control, internal force analysis for wheeled
mobile robots is introduced to develop a general slip control structure.
Although slip issue is more critical in rough terrains than structured environments,
it is not our focus to consider all aspects of rough terrain applications. Instead, we
develop general slip control schemes based on analysis of planer wheeled mobile robots.
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1.4 Contributions
The results of this research contribute to following research areas:
• Systematic study of slip problem for wheeled mobile robots.
• Practical slip detection and estimation schemes for wheeled mobile robots.
• General slip control structure for wheeled mobile robots.
• Robust and real time slip control techniques.
• Control of wheeled mobile robots in mobile manipulations.
• Control schemes for rough terrain mobility.
1.5 Outline
The remaining chapters are organized as follows.
Chapter 2 provides a comprehensive review of the related literatures. The exist-
ing studies on wheeled mobile robots and slip problem in different research areas are
discussed.
Chapter 3 presents in detail the modelling of wheeled mobile robots that consid-
ers wheel slip effects. Slip is formally defined and explicitly expressed in the equations
of motion of the system.
Chapter 4 discusses the slip detection problem. Real time slip detection and es-
timation techniques are introduced. Effective observer-based state estimation scheme
is proposed. The performance of the proposed methods are demonstrated by both
simulation and real time experiments.
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Chapter 5 proposes several schemes for slip control. Internal force and its relation
with slip of wheeled mobile robots is analyzed. General slip control structure for
wheeled mobile robots is derived based on the internal force analysis. Simulation and
experimental results are presented to validate the performance of the proposed slip
control schemes. The effectiveness of the proposed schemes for mobile manipulation
applications is also demonstrated. Lastly, robust slip ratio control and adaptive
terrain identification are proposed for rough terrain applications.
Chapter 6 review the main work of this research, summarize the research con-




In this chapter we will give a comprehensive survey on related literature. Pioneer
work of wheeled mobile robots are first reviewed, followed by a literature survey on
slip problems in the relevant research areas.
2.1 Modelling and Analysis of WMRs
2.1.1 Nonholonomic and Holonomic WMRs
G. Campion’s pioneer work [25] is often mentioned in WMRs literature. In [25],
G. Campion analyzed the structural properties of both nonholonomic and holonomic
WMR configurations based on their kinematic and dynamic models. He classified
WMRs into five types based on the generic structures of their motion equations. By
adopting the state space methodology, he addressed the reducibility, holonomy, mo-
bility and controllability, configuration of the motorization, and feedback equivalence
of WMRs.
The nonholonomic characteristic of wheel rolling motion has attracted a large body
of work in WMR research. Motion planning [26, 27, 28] and control of nonholonomic
WMRs [29, 1, 2] are the main interests of many researchers. Many research activities
are motivated by the important work of Bloch [30] and Brockett [31].
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In order to avoid or overcome difficulties in control and planning of WMRs with
nonholonomic constraints, many researchers focus on developing holonomic and om-
nidirectional WMRs. Usually non-conventional wheels are required for holonomic
WMRs such as ball wheel [5], orthogonal wheel [4] and Swedish wheel [7, 25, 32]. To
the author’s knowledge, the Power Caster Wheel (PCW, also known as off-centered
orientable wheel) is the only type of conventional wheel that is used to develop holo-
nomic WMRs. More and more holonomic WMRs using PCW have been developed
such as [33, 34, 6, 35, 36]. PCW-based WMRs is the main WMR configuration we
are interested in in this thesis because it belongs to a general type of WMRs that is
independently steered and driven.
2.1.2 Dynamic Modelling of WMRs
Dynamic modelling of WMRs is one of our main concerns because slip is part
of the dynamic behavior of WMRs. Conventional rigid body dynamic modelling of
WMRs are based on either the Lagrangian formalism [37, 38] or the Newton-Euler
formalism [39, 40]. In [39], P. Muir developed a formalism for the dynamic modelling
of multibody robotic mechanisms incorporating closed chains, higher pair joints, fric-
tion (including stiction, Coulomb, rolling and viscous friction), and unactuated and
unsensed joints. Although this formulation was developed for the dynamic modelling
of WMRs, the methodology is directly applicable to a spectrum of multibody robotic
mechanisms.
There are other modelling methodologies developed from the aforementioned two
classic formalisms. The concept of Orthogonal Complement is one of them and was
applied to the dynamic modelling of WMRs in [41]. Some researchers adopted another
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method called Kane’s Approach (also termed Lagrange’s form of d’Alembert’s princi-
ple) [42] and it shown several advantages over the Newton-Euler and Lagrangian ap-
proaches. The Augmented Object Model [43], an extension of the Operational Space
Formulation [44], was applied to the dynamic modelling of WMRs in [45, 36, 6]. The
Augmented Object Model is computationally more efficient than other methodolo-
gies. However, it is found that of all these dynamic modelling methodologies none of
them considered the wheel slipping effect.
2.1.3 Slip Modelling of WMRs
Not many of existing WMRs literatures considered the wheel slipping effect. J.C.
Alexander was among the first to formulate slip in the kinematic equations of WMRs.
In [21], J.C. Alexander analyzed the conditions that guarantee rolling without slip-
ping. The questions of slippage due to misalignment of the wheels were investigated
by minimization of a non-smooth convex dissipation functional derived from Coulomb
friction. T.D. Murphey generalized the idea of J.C. Alexander to the cases of over-
constrained WMRs, distributed manipulation and multi-fingered grasping tasks [22].
T.D. Murphey expanded the idea to a quasi-static formulation of the “Power Dis-
sipation Principle”. He also described the full Langrangian model that consists of
the slip effect (represented as Coulomb friction) and unknown Langrange multipliers.
However, the Coulomb friction would be too simplistic and inaccurate to represent
realistic slip effects. Moreover, the challenges caused by the Langrange multipliers
makes this method not attractive for practical implementation.
J. Borenstein [46] addressed the problem of severe wheel slippage caused by over-
constrained WMRs and suggested the use of compliant linkages to reduce the slip
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effect in over-constrained systems. Similar idea was also suggested by B.J. Choi in
[47] which proposed to use the passive variable length axle to reduce the slip effect.
N. Chakraborty extended the idea of B.J. Choi to the use of actuated variable length
axle to avoid slip in uneven terrains [48].
By using classical results on the accessibility and controllability in nonlinear con-
trol theory, S. Shekhar derived an analytical model of the rolling motion of two linearly
elastic bodies based on Kalker’s simplified linear theory [13]. In [49], S. Shekhar fur-
ther established the conclusion that wheel slip is inevitable under the dynamic model
of motion by dynamic simulation results.
R.L. Williams et al. presented a dynamic model for omnidirectional wheeled mo-
bile robot including slip [32]. Its objective was to model and understand the sliding
dynamics problem and thus real time control was not investigated. The dynamic
friction coefficient was assumed to be constant and equal to the constant static fric-
tion coefficient. Thus it was intended to just capture the gross real-world friction
characteristics.
2.2 Slip in Other Areas
2.2.1 Vehicle Dynamics
Different from the rigid body dynamic modelling methodologies discussed previ-
ously, slip modelling is refined in the field of vehicle dynamics and Terramechanics
[11, 10], the subdiscipline of vehicle dynamics that studies the rolling interaction
between wheel and terrain. In the field of WMRs, R. Balakrishna and A. Ghosal
were among the earliest researchers to formulate the dynamic model of WMRs using
formal terminologies from vehicle dynamics [12]. Wheel slip dynamic modelling of
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wheel-terrain interaction has been studied for WMRs in [50, 51]. Slip-based trac-
tion controllers based on wheel slip dynamic modelling have been developed for field
mobile robots in [52] and [17]. We were the first to model the wheel slip dynamics
for PCW-based WMRs [45, 53]. Based on the slip modelling, slip avoidance condi-
tions were obtained and effective slip minimization control schemes were presented in
[45]. New slip avoidance conditions were derived and slip estimation techniques were
developed in [53].
There are a large body of techniques developed for automotive, including slip-
based friction estimation, traction control and terrain identification, that are valuable
and applicable for WMRs. We will review some of these techniques in specific sections
of this chapter.
2.2.2 Rough Terrain Mobility
The research community of rough terrain mobility, especially the the area of plan-
etary exploration, is active in studying the slip effects of wheel-terrain interaction
due to two main reasons. First, slip critically limits the localization accuracy of mo-
bile robots. Second, slip critically determines the traction force at the wheel-terrain
interface.
Wheel slip dynamic modelling of wheel-terrain interaction has been studied for
WMRs in [50, 51]. Slip compensation techniques were proposed in [54, 55]. Extended
Kalman filter were adopted for slip detection and estimation in [56, 57, 58]. G. Reina
et al. presented several slip detection techniques using different sensing information
in [59, 60]. Slip prediction using visual information was presented in [61]. Slip-based
traction control were developed in [62, 17].
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2.2.3 Multiple Frictional Contact Tasks
Multiple frictional contact tasks in robotics are often referred to multi-fingered
grasping, legged robot walking and cooperative manipulation tasks. When the wheel-
terrain interaction and wheel slip behavior are considered, it is useful to consider
WMRs moving on the ground also as a multiple frictional contact task. By this anal-
ogy, some methodologies developed for multi-fingered grasping, legged robot walking
and cooperative manipulation tasks can be applied for WMRs.
In multiple frictional contact tasks, force distribution at the contact points is one
of the main problems to be considered because contact forces critically determine
the contact behavior as well as the slip behavior of the contacts. V.R. Kuman and
K.J. Waldron analyzed an important characteristic of the Moore-Penrose Generalized
Inverse solution to the contact force distribution problem in [63]. This important
characteristic is applied to slip control of WMRs in this thesis.
The discussion of contact force distribution in multiple frictional contact tasks is
usually involved the discussion of actuation redundancy in those tasks. Actuation
redundancy is common in robotic systems with closed kinematic chains such as par-
allel manipulators and multiple frictional contacts. Actuation redundancy in parallel
mechanisms is dual to the kinematic redundancy in serial mechanisms. Redundant ac-
tuation provides many benefits including force optimization [64], singularity avoidance
[19], manipulability improvement [65], impact disturbance control [66] and internal
force control [24, 67].
Internal forces in multiple frictional contact tasks are closely related to the slip
behavior at the contacts. R. Holmberg was the first to analyze the internal forces in
WMRs and their effects on wheel slip [6]. We further analyzed the relation between
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internal force and wheel slip of WMRs and provided experimental results of reducing
wheel slip by controlling the internal forces [36, 45, 53].
The force distribution flexibility provided by actuation redundancy is one of the
main strategies we utilize to control the slip behavior of WMRs in this thesis. In
the kinematic modelling section, we will address the importance of using actuation
redundancy in the design of holonomic WMRs.
2.2.4 Mobile Manipulation
Mobile manipulation is an interesting and challenging research area. Mobile ma-
nipulation systems combine the dextrous manipulation capability offered by fixed-base
manipulators and the mobility offered by mobile robots. Research group lead by Pro-
fessor O. Khatib from Stanford University has made many contributions to this area.
Professor O. Khatib’s group has developed the framework for motion planning and
obstacle avoidance of mobile manipulators [68], full dynamic modelling and control
of mobile manipulators [6] and cooperative mobile manipulations [43, 24].
Research group lead by Professor Marcelo Ang from National University of Sin-
gapore has collaborated with Professor O. Khatib’s group and successfully demon-
strated canopy polishing using mobile manipulator [69] as well as developed unified
force/motion control scheme for mobile manipulator [70].
Achieving full dynamic control of mobile manipulators using the unified force/motion
control scheme is challenging because dynamic control performance of WMRs is not
as good as that of manipulators, especially in torque control schemes. Wheel slip
effects associated with the multiple frictional contact characteristic of WMRs is the
main reason causing the low dynamic control performance for WMRs. Therefore one
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objective of this research is to develop slip control techniques to improve the dynamic
control performance of WMRs as well as mobile manipulators.
2.3 Slip and Friction Estimation
Control of vehicle friction is quite complex and requires reliable models and es-
timators of friction characteristics. Reliable and accurate information about friction
force generated in contact between wheel and terrain is of significant importance
in many active safety systems in modern vehicles (anti-lock brake systems, traction
control, vehicle dynamic systems, etc.). Many empirical dynamic friction models for
describing the wheel-terrain interaction have been developed in the vehicle dynamics
community such as the well known “Pacejka-Bekker magic formula” model [11] and
LuGre model [71]. In [72] and [14], different dynamic friction models have been sum-
marized and compared. However, all the empirical models are highly nonlinear in
many unknown parameters, and thus they are not well-adapted for on-line real-time
friction estimation. For this reason, simplified models have been proposed in the
literature such as [73].
According to vehicle dynamics and terramechanics, the frictional force at the
wheel-terrain interface is directly determined by the wheel slip. So obtaining slip
information is important in controlling the frictional force at the wheel-terrain in-
terface as well as controlling the slip behavior explicitly. In vehicle dynamics, slip
estimation is the common way to indirectly estimate the traction force. S. Muller et
al. [74] summarized different kinds of friction estimation techniques for automotive
and slip-based method is the most attractive method due to its avoidance of using
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extra instrumentation for sensing. Different nonlinear observers for longitudinal ve-
locity or slip ratio estimation have been proposed by several researchers [75, 76, 77].
However, these nonlinear observers techniques are too complex for on-line real-time
slip estimation. Side slip angle estimation techniques were discussed in [78, 79].
Statistical methods such as extended Kalman filtering gain more and more popu-
larity for slip estimation in the literature of rough terrain navigation. In [55], extended
Kalman filter was used to process measurements from an inertial measurement unit
and visual odometry and then compared to the kinematic estimate to determine
whether slippage has occurred, taking into account estimate uncertainties. Slip infor-
mation was described as the difference between the extended Kalman filter estimate
and the kinematic estimate. Similar techniques were presented in [80, 56, 57, 58] but
different sensing information were used.
Robust estimation techniques using sliding mode observer were proposed in [81,
53]. Sliding mode observer were chosen due to its robustness to parametric uncertainty
and external disturbances. Moreover, sliding mode observer was shown to provide
better performance than extended Kalman filter [81].
2.4 Slip Reduction and Slip-based Traction Control
Wheels are usually independently controlled in WMRs and the problem of syn-
chronizing and coordinating the motion of each wheel is closely related to slip effects.
When the motion of different wheel is not consistent with the kinematic constraints
of the system, the wheels are “fighting” with each other and thus leads to slippage.
In order to reduce slippage caused by wheel motion inconsistency, wheel synchroniza-
tion techniques have been proposed. The Cross-Coupling method introduced by J.
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Borenstein [9] is one of the most well known methods. This method was originally
introduced for differential drive WMRs and was then applied to a four-wheel-steering
WMR by M. Makatchev [82]. Another method for wheel synchronization control is
the concept of Pseudo-Velocity and Constraint Force Control, which was typically
used to control mechanical systems with constrained motion. This method has been
applied to the control of a WMR with multiple steerable wheels in [83]. The benefit
of this method is that it decouples the position control and constraint force control of
the system and thus provides the flexibility of constraint force control for the purpose
of slip reduction.
Optimization methods for traction control and slip minimization were presented
in [84, 85, 62, 52]. Researchers in the field of electric vehicle suggested to use voltage
control mode of DC motors instead of current control mode to reduce slip [86, 18].
The main idea of this method is to make use of the fast torque response characteristic
of voltage controlled DC motors for slip reduction. However, this method would be
only effective for automotive in high driving speed conditions.
Due to the dependence of traction force on wheel slip, slip-based traction control is
the main methodology in controlling the dynamic behavior of vehicles. K. Yoshida and
H. Hamano presented a slip ratio regulation scheme based on the slip-traction vehicle
model using standard PI controller [17]. This regulation scheme was implemented on a
planetary rover for rough terrain exploration. The Research group lead by Professor
Y. Hori from the University of Tokyo has developed a series of slip-based traction
control techniques for electric vehicles. For longitudinal vehicle dynamics control,
model following control and optimal slip ratio control were proposed to control the
slip ratio of the wheels both implicitly and explicitly [87]. For lateral vehicle dynamics
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control, a novel dynamic yaw-moment control and a new skid detector were presented
in [88]. For terrain identification problem, road condition estimation schemes were
developed using disturbance observer and recursive least square techniques in [89].
All these techniques were integrated and tested on an electric vehicle [90]. The main
problem of all these slip-based traction control methods is that they are pure model-
based methods and thus the accuracy of the slip-traction model has critical effects on
the traction control performance.
In order to overcome the disadvantages of the previous pure model-based traction
control methods, robust control techniques have been reported in the literatures.
Sliding mode control [91, 92] is the most popular robust control technique applied for
vehicle traction control. C. Unsal and P. Kachroo applied sliding mode techniques
for both velocity observer and slip-based traction controller [81]. Observability and
stability of the system were also analyzed. However, the chattering problem of sliding
mode was addressed by using standard boundary layer method and only simulation
results were presented. K.R. Buckholtz proposed a similar strategy as C. Unsal and
P. Kachroo in [93]. Again, boundary layer method was used to solve the chattering
problem and only simulation results were shown. Sliding mode techniques have been
found to provide good potential in many vehicle control applications. I. Haskara et al.
summarized the wide applications of sliding mode techniques in automotive control
including functional optimization, disturbance estimation and compensation, state
observation, friction compensation as well as slip-based traction control [94].
Although sliding mode control is robust to parametric uncertainties, previous slid-
ing mode-based traction controllers would not perform well if terrain characteristics
have severe roughness. For this reason, traction controllers are desirable to be able
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to adapt to different terrains. H. Lee and M. Tomizuka have proposed an adaptive
sliding mode traction controller [95] that combines adaptive on-line road condition
estimation and slip-based traction control using sliding mode.
For practical use of sliding mode control, the chattering problem must be ad-
dressed. Besides the well known boundary layer method, A. Kawamura et al. pre-
sented a new chattering reduction scheme that combined disturbance observer and
feed-forward control [96]. U. Utkin and J.X. Shi proposed an effective chattering
reduction scheme called “integral sliding mode with low pass filtering” in [97]. The
main advantage of this scheme is that the robustness of the system can be guaranteed
throughout the entire response starting from the initial time instance. That is, the
reaching phase in conventional sliding mode control is eliminated by applying inte-
gral sliding mode. In [98], U. Utkin summarized and compared different chattering
reduction schemes for sliding mode control existing in the literature.
Previous literatures of traction control mainly discussed the longitudinal vehicle
dynamics. For automotive control, lateral force as well as side slip angle control are
critical for vehicle stability and safety during high speed driving conditions. There-
fore many results on lateral control were also reported in literatures [99, 100, 101].
However, due to the significantly lower speed of WMRs compared to automotive, the
problem of lateral slip control is not significant for WMRs except that lateral skid-
ding situation should be avoided for steerable wheels such as powered caster wheel.
Therefore we will focus on the longitudinal slip control for WMRs in this thesis.
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2.5 Slip-based Terrain Identification
The purpose of terrain identification is to provide the traction controller with
updated terrain information so that the controller can regulate its parameters for
changing terrains. Since the slip curve describes the main characteristics of a particu-
lar terrain, most literature investigating terrain identification focus on the slip-based
method. Researchers have reported different terrain identification methods using
different slip model representations. K. Yi et al. presented observer-based terrain
identifiers using the “Bekker-Pacejka Magic Formula” [102]. The identifiers devel-
oped by C. Canudas-De-Wit et al. utilized the LuGre model [103, 104]. The main
drawback of these two approaches is that the high computational load undermines
real-time applications. For achieving tractable real-time terrain identification, sim-
plified slip models are preferred. B. Kwak and Y. Park presented an adaptive friction
estimator [105] using the modified Dugoff tire model that was much simpler than
the “Bekker-Pacejka Magic Formula” and LuGre model. Another well known sim-
plified model adopted is the Kinecke model [73] which involved only two parameters.
Another even simpler model was proposed based on the observation that the initial
slip slope is co-related to the terrains. The slope of the slip can be used for catego-
rizing different terrain conditions. This method has been experimentally verified to
be able to distinguish different terrains for certain road conditions by F. Gustafsson
[106, 107].
There are several types of estimation techniques used in terrain identification liter-
ature. Nonlinear observer techniques were used in [103, 104]; Recursive least-square
techniques were used in [73, 102, 105] while extended Kalman filter were adopted
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in [106, 107, 105]. In [74] and [108], several recent common terrain identification
techniques were summarized.
Previous literature mainly discussed the problem of on-line terrain estimation.
It would be more useful for slip avoidance if a particular terrain information was
obtained before the robot enters that terrain. Terrain prediction based on visual
information was proposed in [61].
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CHAPTER 3
SLIP MODELLING OF WMRS WITH POWERED
CASTER WHEELS (PCWS)
Slip modelling of wheeled mobile robots in both kinematics and dynamics is stud-
ied in this chapter. In both kinematic and dynamic cases, we start with deriving the
non-slip models and then extend to the slip ones. One important technique we used
for slip modelling and analysis is the introduction of local longitudinal and lateral co-
ordinates besides the classical joint coordinates and operational coordinates in each
wheel. As it will be seen in this and later chapters, local wheel coordinates are useful
in relating the non-slip models with the slip-based wheel-ground interaction model
and internal force model.
Due to the existence of different configurations for wheeled mobile robots, different
modelling methodologies may be chosen. In order to show the generality of our
method, we choose WMRs with PCW as our study platform. WMRs with PCW is
chosen because it is a general WMR configuration in both of mobility and mechanical
configuration. As it has been mentioned in previous chapters, WMRs with PCW
is holonomic. Any non-holonomic WMRs can be obtained by applying extra non-
holonomic constraints onto the holonomic ones. In terms of mechanical configuration,
WMR with PCWs is the most general case because of its independent steering and
driving characteristic in each wheel.
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Another interesting problem of studying WMRs with PCWs is its actuation
scheme. Either redundant or non-redundant actuation can be used in powering this
type of robot. As it has been mentioned in previous chapter, redundant actuation
provides many benefits over non-redundant actuation. In this chapter, we will show
one of the important benefits provided by redundant actuation in WMRs with PCWs
based on the derived kinematic model. Regarding the slip problem, actuation redun-
dancy also provides the flexibility to avoid or reduce slip effects. One of the main
contributions of this research is the effective utilization of actuation redundancy in
slip control.
For the study of wheel slip problem, a holonomic WMR with four PCWs has
been developed. Fig. 3.1 shows the actual robot and Fig. 3.2 shows the compact
design of one PCW module of the robot. Each PCW module contains both steering
and rolling actuators. The design is modular and thus a holonomic WMR is easily
constructed by mounting several PCW modules onto a chassis. The holonomic WMR
is characterized by its omnidirectional mobility, singularity free design and actuation
redundancy. These characteristics of WMRs with PCWs will be analyzed through
the modelling of the robot as presented in the following.
3.1 Mobility Analysis
Kinematically, the planar wheeled mobile robot with n Powered Caster Wheels
is equivalent to a planar fixed base parallel manipulator with n legs and each leg
consists of an RPR (revolute-prismatic-revolute) serial manipulator as shown in Fig.
3.3. The three joints in each leg are: the revolute joint (represented as σ in Fig. 3.3)
connecting the wheel disk body to the ground; the prismatic joint (represented as ρr
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Figure 3.1: An omnidirectional wheeled mobile robot with 4 Powered Caster Wheels. This
mobile robot was developed in the Singapore Institute of Manufacturing Technology and
it was the main test-bed for this research. Image courtesy of the Singapore Institute of
Manufacturing Technology.
Figure 3.2: The compact design of the Powered Caster Wheel (PCW) module used in the
mobile robot shown in Fig. 3.1. Every PCW module is powered by two actuators. One
is for steering and the other one for rolling. The rolling axis and the steering axis of the
PCW are perpendicular to each other and there is a non-zero offset distance between these
two axes. The offset is critical in generating the omnidirectional motion for WMRs with
PCWs.
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in Fig. 3.3) connecting the wheel disk body to the steering fork link; the revolute
joint (represented as φ in Fig. 3.3) connecting the steering fork link to the moving
platform of the mobile robot.
Figure 3.3: A Powered Caster Wheel can be considered as a serial manipulator with 3 joints
in each instance. The 3 joints are: the instantaneous revolute joint (σ) whose rotation axis
is the vertical axis at the contact point between wheel and ground; the virtual prismatic
joint (ρr) whose translational axis is the forward direction of the wheel caused by the wheel
rolling motion; the revolute joint (φ) that represents the steering motion of the wheel.
The purpose of deriving the Mobility of the mobile robot with Powered Caster
Wheels is to show its omnidirectional capability. As we only consider planar wheeled
mobile robots, it is expected that the mobility of the mobile robot should be 3 for
it to be omnidirectional. For mechanical systems that are subjected to independent
constraints by the joints, the mobility of the system can be computed using the
Grubler formula [109].
DOF = 3(m− 1)− 2l1 − l2 (3.1)
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where F is the mobility of the system, m is the number of rigid bodies, l1 is the
number of joints that have 1 degree-of-freedom while 12 is the number of joints that
have 2 degrees-of-freedom. In the case of wheeled mobile robots with n Powered
Caster Wheels, those parameters are given as
m = 2 + 2n
l1 = 3n
l2 = 0
There are two rigid bodies for every Powered Caster Wheel: the wheel disk body
and the steering fork link. The ground is also counted as a rigid body in the mobility
computation. Together with the moving platform of the mobile robot, the total
number of rigid bodies in the system is 2 + 2n. As each Powered Caster Wheel
module can be considered as a 3DOF serial manipulator (Fig. 3.3), the number of
1DOF joint is 3n. There is no 2DOF joint in the system, thus the number of 2DOF
joint is zero.
With the above values, the total mobility of planar wheeled mobile robots with n
powered caster wheels is computed from Eq. 3.1 as
DOF = 3(2 + 2n− 1)− 2× 3n− 0 = 3 (3.2)
The result is as expected to be 3 and this confirms the robot is omnidirectional.
Theoretically, it can be seen from Eq. 3.2 that the mobility of WMRs with PCWs
are independent of the number of wheels. However, as each PCW module has only
two actuators, one wheel is not sufficient to provide all the 3DOF mobility for planar
motion. Therefore, minimum two PCWs are needed for designing WMRs with PCWs.
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3.2 Kinematic Modelling
3.2.1 Displacement Kinematic Model
R. Holmberg, one of the inventors of Powered Caster Wheel (PCW), commented
that “Because of the nonholonomic constraints at the wheels, it is not possible to get
a relationship between the joint positions and the robot positions” [23]. However,
since the mobile robot being analyzed is omnidirectional, we can model the wheeled
mobile robot as a planar parallel manipulator with fixed base that has equivalent
instantaneous kinematics as the wheeled mobile robot. Therefore, in each instance,
we can still make use of the displacement kinematic model of the equivalent fixed
base parallel manipulator to compute the small displacement in each control sample
period. The integration of these small displacements forms the position and orienta-
tion trajectory of the moving platform in Cartesian coordinate. This is an alternative
to computing the odometry of the wheeled mobile robot using the Jacobian matrix of
the robot and it should provide more accurate odometry. In this case, it is meaningful
to derive the displacement kinematic model of the wheeled mobile robot.
Different methods can be used to model the displacement kinematics of paral-
lel manipulators. In follows, we will adopt PoE [110] to derive the displacement
kinematic model for the wheeled mobile with Powered Caster Wheels. As the dis-
placement kinematic model for the wheeled mobile robot is valid only instantaneously,
it is convenient to choose the spatial frame to be the same as the body frame fixed at
the center of the moving platform at each instance. Another reason for this treatment
is that it is natural to describe the motion of wheeled mobile robots in the instan-
taneous spatial frame that has the same orientation as the body frame. In order to
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simplify the PoE equations for the robot, the reference configuration is chosen such
that the instantaneous spatial frame coincident with the body frame (Eq. 3.3).
It is noted that although the motion of planar robots can be represented as the
SE(2) displacement group, we will derive the general SE(3) representation to make








The twist of each joint in leg i (i = 1, 2, · · · , n) are given as
ξi1 =















The subscript (i1) represents the first joint of leg i which is the instantaneous
twist joint at the contact point between the wheel and the contact surface. Similarly,
(i2) represents the second joint of leg i which is the instantaneous prismatic joint
generated by the rolling motion of the wheel; (i3) represents the third joint of leg i
which is the steering revolute joint of the wheel.
The twist axes of those revolute joints and the selected reference points on the
rotation axes of revolute joints are given as follows.











pi1 = pi3 − bvi2
Finally, the instantaneous configuration of the body frame in the instantaneous




After simplifying the analytical form of the above PoE equations, we obtain the
instantaneous rotation matrix and position vector of the body frame relative to the
instantaneous spatial frame as follows.
Rgt(qi) =



















In planar case, we can represent Rgt(qi) and Pgt(qi) in a simplified form with
Xx(qi) and qi as
x(qi) =




The loop closure constraints imposed by all the wheels can be represented as
x(q1) = x(q2) = · · · = x(qn) (3.11)
As the instantaneous of the twist angle σi is not measurable, it is required to
compute this angle from the measurable joint angles ρi and φi assuming there is no
slip on the wheels. Based on the loop closure equation 3.11, we can compute the
instantaneous twist angle σi with the measurable joint angles from any two wheels i
and j. After simple algebraic calculation by making use of following two trigonometric
sum-difference formulas
sin(α± β) = sin(α)cos(β)± cos(α)sin(β)
cos(α± β) = cos(α)cos(β)∓ sin(α)sin(β)
we obtain following equations
a(φi, ρi, φj, ρj)cos(σi) + b(φi, ρi, φj, ρj)sin(σi) = c(φi, ρi, φj, ρj) (3.12)
for i 6= j and i, j = 1, · · · , n.
The coefficients a(φi, ρi, φj, ρj), b(φi, ρi, φj, ρj) and c(φi, ρi, φj, ρj) are all algebraic
formulations of the trigonometric functions of those measurable joint angles. With
the unmeasurable instantaneous twist joint angles from Eq. 3.12 and the loop closure
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equations 3.11, the forward displacement kinematic model of the robot can be written
in the following form
x = FK(φi, ρi, φj, ρj) (3.13)
and by similar algebraic and trigonometric manipulations, the inverse displacement





where FK(·) and IKi(·) are common algebraic and trigonometric formulations. It is
noted that both Eq. 3.13 and Eq. 3.14 are only valid instantaneously.
3.2.2 Differential Kinematic Model
The “Pure Rolling Without Slipping” Condition
The “pure rolling without slipping” condition describes the ideal rolling motion of
a wheel relative to the ground. The kinematic modelling of the “pure rolling without
slipping” condition is derived as follows. We define the frames and variables on the
wheel as shown in Fig. 3.4. P and C denote respectively the wheel center and the
wheel-ground contact point. XwPYw is a wheel frame whose origin is at the wheel
center. The x axis points towards the forward direction of wheel motion while the y
axis aligns with the rolling axis of the wheel. Following the terminologies of vehicle
dynamics, the x axis of wheel frame XwPYw is called longitudinal axis and its y axis
is called lateral axis. The velocity of wheel center P is defined as p˙ = [vx, vy]
T while
the velocity between wheel and ground at contact point C is defined as ε˙ = [ε˙x, ε˙y]
T













Figure 3.4: Velocity of wheel center and slip velocity of the contact between wheel and
ground.





In vehicle dynamics terminologies, ε˙x is called longitudinal slip and ε˙y called lateral
slip. Among these two conditions, it should be noted that an equivalent and more
useful representation of the zero longitudinal slip condition is given as the “pure
rolling” relation:
vx = rρ˙ (3.16)
where ρ˙ is the angular velocity of the wheel and r is the wheel radius. This relation
also implies that
ε˙x = rρ˙− vx (3.17)
Now we apply the “pure rolling without slipping” condition to derive a general
kinematic model of a WMR with n PCWs.
36
Robot Model
Table 3.1: Definition of parameters and variables in Fig. 3.5
XGOGYG robot global frame
XLOLYL robot local frame with its origin OL at center of the mobile robot
XwiPiYwi frame attached at the center of wheel i
Si steering point of the wheel i
Pi center of the wheel i
pi position vector of Pi relative to OL
v translational velocity of the mobile robot measured at point OL
ω rotational velocity of the mobile robot
ρ˙i angular velocity of wheel i
φ˙i steering velocity of wheel i
φi steering angle of wheel i
βi the angle of steering point i relative to the local frame
θ orientation of the mobile robot relative to the global frame
r wheel radius
b offset between steering point and center of the wheel
h distance between steering point and center of the mobile robot
The planar diagram of a mobile robot with n PCWs is shown in Fig. 3.5. Table
3.1 lists the definitions of the frames, parameters and variables.
The steering velocity of a PCW will generate a lateral motion at the wheel center
if seen from the chassis of the mobile robot. Based on this observation, we can derive
a similar relation as Eq. 3.17 for the lateral slip:
ε˙y = bφ˙− vy (3.18)
Ideally, each wheel’s center velocity p˙i = [vxi, vyi]
T can be obtained from the robot
center velocity [v, ω]T by the relationship:
Lp˙i =

























Figure 3.5: Frame assignments, parameter and variable definitions of a mobile robot with
n Powered Caster Wheels. See Table 3.1 for the detailed explanations of the notations.
where the left-superscript L of the variables denote that the corresponding variable
expressed in the local frame of the robot.
By defining pˆi as the cross product operator associated with pi, cross product
pi × ω is simplified as: pˆiω. Above equation can now be rewritten in matrix form:






To express wheel center velocities in individual wheel frame, pre-multiplying Eq.
3.19 with the rotation matrix wiRL where
wiRL =
[
cos(βi − φi) sin(βi − φi)
−sin(βi − φi) cos(βi − φi)
]
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The velocity of each wheel center expressed in wheel local frame can be written
as:
wip˙i = [






For the convenience of analysis, we will ignore left-superscripts in subsequent
analysis.
In order to describe equations derived above for the case of n-wheeled robot, we
define the following variables:
• slip ε˙ :
ε˙ = [ε˙x1, ε˙y1, · · · , ε˙xn, ε˙yn]T
• wheel center velocity p˙ :
p˙ = [vx1, vy1, · · · , vxn, vyn]T
• joint velocity q˙ :
q˙ = [ρ˙1, φ˙1, · · · , ρ˙n, φ˙n]T
• operational velocity x˙ :
x˙ = [v, ω]T














In actual case, we have measurements of the joint velocities q˙. The wheel center
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Combining Eq. 3.17 and 3.18, we obtain
ε˙ = p˙sensed − p˙ (3.23)
Based on condition 3.15, the “pure rolling without slipping” kinematic model of
the robot can be given as
Ax˙ = Bq˙ (3.24)
Inverse Differential Kinematic Model
Since matrix B is a diagonal matrix and always invertible, the inverse differential
kinematic model is obtained as follows.
q˙ = B−1Ax˙ (3.25)
It is noted that the inverse kinematics is useful for the motion controller to compute
the desired trajectory for individual joint.
Forward Differential Kinematic Model
Even without considering the slip effect, the derivation of forward kinematics for
mobile robots is not as straight-forward as their inverse kinematics due to the paral-
lelism characteristic of mobile robots. In general, the forward kinematics of parallel
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mechanisms is a under-determined problem as can be seen from the non-square size
of matrix A. A common way to resolve this problem is the use of generalized inverse
of non-square matrix. When the pseudo-inverse of matrix A is used, the forward
kinematics of the mobile robot can be derived as:
x˙ = A†Bq˙ (3.26)
where pseudo-inverse of matrix A is given as
A† = (ATA)−1AT (3.27)
By using the pseudo-inverse, Eq. 3.26 leads to a solution of x˙ that minimizes, in a
least-square manner, the differences between the sensed wheel center velocity p˙sensed
and the actual wheel center velocity p˙.
Besides the generalized inverse method discussed here, many other methods such
as optimization method [111] and statistical method [112] have been reported for
resolving the forward kinematics of parallel mechanisms. For the case of wheeled
mobile robots, statistical method has been claimed to be promising solution when
there are slip and other uncertainties in the task.
Kinematic Slip Model
When the “pure rolling without slipping” condition 3.15 is not satisfied, the kine-
matic model of WMRs will have to take into account the slip effect. Based on Eq.
3.23 and 3.24, the kinematic model that takes into account the slip defined as ε˙, can
be written as
ε˙ = Bq˙ − Ax˙ (3.28)
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3.2.3 Odometry
In the case of wheeled mobile robots, odometry (also called dead-reckoning) refers
to the estimation of absolute configuration of the wheeled mobile robot in Cartesian
coordinates from the wheel motion measurements with sensors on the wheels. Due
to the nonholonimic constraints of wheel rolling motion, the odometry can only be
calculated by accumulating the wheel motion through numerical integration. The
absolute configuration of the wheeled mobile robot represented in a selected global
frame G is updated in every sampling period by the following equations
Pgt(k) = Pgt(k − 1) +Rgt(θ(k), z)∆Pgt(k) (3.29)




There are different ways of updating the ∆Pgt(k) and ∆θ(k) that will affect the
precision of the odometry. In below we present two odometry algorithms that are
based on the displacement kinematic model and the differential kinematic model
derived in the previous sections, respectively.
Odometry with Displacement Kinematic Model
The first odometry method is based on the forward displacement kinematic model
3.13 and ∆Pgt(k) and ∆θ(k) are computed as follows.
∆Pgt(k) = FK(∆φi(k),∆ρi(k),∆φj(k),∆ρj(k)) (3.31)
∆θ(k) = ∆φi(k) + ∆σi(k) (3.32)
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where
∆φi(k) = φi(k)− φi(k − 1)
∆ρi(k) = ρi(k)− ρi(k − 1)
∆σi(k) = σi(k)− σi(k − 1)
Odometry with Differential Kinematic Model
The second odometry method is based on the forward differential kinematic model






where ∆q is also computed from the backward difference of the measurable joint
angles.
3.2.4 Singularity Analysis
The purpose of this section is to show the necessity of using redundant actuation
scheme to address the singularity avoidance problem for WMRs with PCWs.
Modelling the kinematics of parallel mechanisms in the form of Eq. 3.24 is often
adopted in parallel mechanism literatures. This form of modelling is especially useful
for singularity analysis of parallel mechanisms because it is easily seen, from this struc-
ture of kinematic equations, the three types of singularities for parallel mechanisms
that can be described in following conditions:
• Type I: A is rank deficient.
• Type II: B is rank deficient.
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• Type III: A and B are both rank deficient.
As mentioned previously that matrix B is always square and invertible for both
non-redundant and redundant actuations. This implies that Type II and Type III
singularities do not exist for WMRs with PCW. Thus it is only left with Type I
singularity for consideration. Type I singularity analysis requires the evaluation of
the rank of matrix A. This evaluation is done in the following two cases.
Case 1: Full Actuation
Full actuation means all actuators of the robot (all n wheels with 2 actuators in
each wheel) are powered.
For the trivial case when n = 1, it is obvious that even though matrix A is full
rank, it does not have enough actuators to perform 3DOF motion for planar mobile
robot.












It is noted that the rotation matrix wiRL does not appear in the above equation.
This is due to the fact that rotation matrix wiRL is orthonormal.
It is a known property that the sum of the magnitude of vectors is larger than or
equal to the magnitude of the sum:∑
i




Therefore det(ATA) > 0. This means that full actuation for two PCWs is enough
to guarantee a singularity-free omnidirectional mobile robot design using PCW. This
proof confirms the findings in [25] where this actuation scheme was cited as one of
the “admissible arrangements” for a singularity-free mobile robot.
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Case 2: Selective Actuation
While powering all the 4 actuators of two PCWs is enough to guarantee singularity-
free design for PCW-based mobile robots, the same number of actuators when utilized
to power only the steering or rolling actuator of the wheels (selective actuation) are
not enough to be singularity-free. It is difficult to prove this case through the sym-
bolical expression for det(ATA) as the expression is complex. However, singular
configurations can be found for all cases of selective actuation where there are no
two fully powered wheels. Without loss of generality, we show examples of singular
configurations in Fig. 3.6 for the case of mobile robot with three PCWs: one wheel
is actuated for both steering and rolling, while the other two has either steering or
rolling actuation.
These singular configurations, resulting from the rank deficiency of matrix A,
cause the robot to be uncontrollable in the singular direction(s). This means that
even though all the active joints are locked, for example, the mobile robot is not
able to resist force/moment in the singular direction [113]. In our examples, the
mobile platform cannot resist external force/moment that causes it to rotate around
wheel-ground contact point C1 (Fig. 3.6).
Based on the above analysis, the conclusion drawn here is: to guarantee singularity-
free omnidirectional mobile robot with PCWs, the minimum number of PCW is 2
and their 4 actuators have to be powered. Since utilization of minimal 4 actuators
implies the use of redundant actuation, this result supports the choice of redundant
actuation for PCW-based WMRs. In the later chapters of this thesis, we will fur-











(ρ˙1, φ˙1, φ˙2, φ˙3) (ρ˙1, φ˙1, ρ˙2, ρ˙3) (ρ˙1, φ˙1, φ˙2, ρ˙3)
Figure 3.6: Examples of a singular configuration in the mobile robot with Powered Caster
Wheels for different selective actuation situations. In (a), only one rolling actuator from one
of the wheels is active. In (b), only one steering actuator from one of the wheels is active.
In (c), only one wheel is fully actuated and the rest of wheels are selectively actuated.
The main results of the singularity analysis presented in this section have been
published in our previous works [114] and [115].
3.3 Dynamic Modelling
We separate the dynamic modelling of wheeled mobile robots into two different
parts: one is the whole vehicle rigid body dynamics and the other is the interaction
dynamics between individual wheel and the ground. The entire vehicle rigid body
dynamics can be modelled using classical Newton-Euler or Lagrangian formulation
while the wheel-ground interaction can be modelled using the ideas from vehicle
dynamics and terramechanics.
Most literature only consider the whole vehicle rigid body dynamics based on the
assumption that there is no slippage on the wheel-ground interaction. In this section,
we will first derive the rigid body dynamic model of WMRs without considering
the slip effect. Different from classical modelling methodologies, a novel method is
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adopted to model the rigid body dynamics of the robot without explicitly imposing
the closed-chain constraints on the dynamic equations. Next, we will introduce the
slip-based wheel-ground interaction model following ideas from the area of vehicle
dynamics.
3.3.1 Augmented Object Model
Since WMRs belong to closed-chain mechanism, the closed-chain constraints must
be considered when modelling their dynamics. Those closed-chain constraints are
explicitly described in the dynamic equations when classical Newton-Euler or La-
grangian formulation is used. For example, when modelling WMRs dynamics using
Lagrangian formulation with joint angles as the generalized coordinates, Lagrangian
multipliers are used to describe the closed-chain constraints. This would make the
dynamic computation inefficient for real time implementation.
In order to obtain an efficient dynamic model for WMRs, the Augmented Object
Model (AOM) ([43]) is adopted. The AOM was originally introduced to model
the dynamics of multiple cooperative manipulators using the well known Operational
Space Formulation (OSF) [44]. The OSF is based on the classical Lagrangian for-
mulation but it chooses the operational coordinates as generalized coordinates for the
dynamic equations. The mobility of the robot is generally equal to the number of gen-
eralized coordinates. With the same characteristic, the AOM is able to model the
dynamics of closed-chain mechanisms (such as multiple cooperative manipulators)
without the need to explicitly impose the closed-chain constraints on the dynamic
equations. Since WMR is also closed-chain mechanism, we can adopt the AOM for
its dynamic modelling.
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Figure 3.7: By considering each Powered Caster Wheel (PCW) as a serial manipulator with
3 joints as shown in Fig. 3.3, a mobile robot with PCWs can be considered as cooperative
serial manipulators grasping a common object at the end-effectors of each manipulator. By
this consideration, the Augmented Object Model can be used to model the dynamics of
WMRs with PCWs.
In order to adopt the AOM, we consider a PCW module as a 3-DOF serial
manipulator (Fig. 3.3) and PCW-based WMR as a cooperative manipulator system
(Fig. 3.7).
The operational space dynamic model of a serial manipulator is given as:
F = Λ x¨+ ϑ+ g (3.36)
where F and x are the operational forces and operational coordinates of the sys-
tem. Λ, ϑ and g are respectively the kinematic energy matrix, Coriolis/centrifugal
force vector and gravitational force vector represented in the operational space.
Since we only consider mobile robots in planar space, the gravitational force vector
g will be ignored in subsequent discussion.
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The Augmented Object Model states that the dynamics of the cooperative system
is obtained by summing the operational space dynamics of each robot and the load
[43]. The augmented kinetic energy matrix, augmented Coriolis/centrifugal force








ϑi + ϑ` (3.38)
where Λi denotes the kinetic energy matrix of manipulator i in the cooperative system
while Λ` denotes the kinetic energy matrix of the load “grasped” by all the manipu-
lators of the cooperative system. Similarly, ϑi and ϑ` denote the Coriolis/centrifugal
force vector of manipulator i and the load, respectively.
The dynamics of the augmented system in operational space can then be written
as:
F⊕ = Λ⊕ x¨+ ϑ⊕ (3.39)
Appendix B explains the detail of deriving the dynamic model for the robot shown
in Fig. 3.1 using the Augmented Object Model.
Define
Fc = [Fx1, Fy1, · · · , Fxn, Fyn]T
as the wheel contact forces and
Γ = [τρ1, τφ1, · · · , τρn, τφn]T
as the joint torques. Based on the force/velocity duality, the relations between the
augmented operational forces F⊕, wheel center force Fc and joint torque Γ are given
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as:
F⊕ = ATFc (3.40)
and
Γ = BTFc (3.41)
Since BT = B, Eq. 3.41 is equivalent to:
Γ = BFc (3.42)
R. Holmberg was the first to use the Augmented Object Model to model the
dynamics of WMRs ([6]). However, he divided the chassis of the mobile robot into
a number of links that is equal to the number of wheels. He then summed the
dynamics of each wheel modules with a “zero” mass load to compute the augmented
dynamics. Since the dynamic parameters are dependent on the mass distribution
of the rigid bodies, modelling the chassis as a sperate link will decrease the model
accuracy. We modify R. Holmberg’s modelling by considering the third link in each
PCW “manipulator” as zero mass rigid body. We then treat the chassis body as
the common body grasped by the PCW “manipulators”. With this modification, the
accuracy of the dynamic model is improved.
3.3.2 Slip-based Wheel-Ground Interaction Model
Modelling the wheel-ground interaction is very different from the case of modelling
rigid body dynamics. There is no solid and fully established dynamic formulation as
in the case of rigid body dynamic modelling using Newton-Euler or Lagrangian for-
mulation. Wheel-ground interaction is a very complex dynamic behavior depending
on material properties of both the ground and the wheel as well as the contact condi-
tions. Vehicle dynamics [10] and Terramechanics [11] are the main areas that study
50
the wheel-ground interaction. However, the results are mainly based on empirical
results. Most empirical models, such as distributed models, “Bekker-Pacejka’s Magic
Formula” [11], LuGre model [71], are based on their own experimental results. In
mobile robotics community, researchers working on rough terrain mobility or plane-
tary exploration also consider the wheel-ground interaction problem. However, there
is no systematic study on using wheel-ground interaction for slip control in mobile
robotics community.
In this research, we consider the wheel-ground interaction effects from vehicle
dynamics point of view to facilitate the analysis of wheel slip. Regarding the empirical
characteristic of most wheel-ground interaction models, simplified model for the ease
of real time implementation is adopted and robust control techniques for slip control
are proposed.
If we consider the ground and the mobile robot as a whole system, the contact
forces generated at each contact point are, in fact, the constraint forces between the
ground and the mobile robot. According to the principle of virtual work, when the
non-slip kinematic constraints are satisfied, the virtual work done by the constraint
forces is zero. Under the ‘pure rolling without slipping‘ assumption, the dynamic
modelling ignores the ideal constraint forces and only describes the relationship be-
tween joint torques (input forces) and operational space forces (inertial forces and
other external forces). However, when wheel slip occurs, the virtual work done by
the constraint forces is no longer zero, thus the dynamic modelling needs to consider
the contact forces to account for the wheel slip effects.
Since wheel-ground interaction is mainly introduced by the wheel rolling motion,
only the longitudinal dynamics and longitudinal slip effect of the wheel is considered.
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In longitudinal dynamics, an important quantity that describes the slip behavior of





The full wheel-ground interaction model includes the vehicle rigid body dynamics
and the wheel-ground interaction dynamics. In follows we derive these two models
separately.
Vehicle Dynamics
The vehicle dynamics is the relationship between contact forces Fc and operational
forces x. The equations of motion can be obtained using the Augmented Object Model
as follows.
Λ⊕x¨+ ϑ⊕ = ATFc (3.44)
Wheel Dynamics
As only longitudinal wheel dynamics is considered, the equations of motion de-
scribing the rolling dynamics of the wheel are as follows.
Iρρ¨ = τρ − Fxr (3.45)
where Iρ is the inertia of the wheel body.
Since lateral wheel dynamics is not considered, the lateral forces Fy are computed
based on the system statics as
τφ = Fyb
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In classical vehicle dynamics, other effects such “rolling resistance” and “aligning
torque” are considered. They are ignored in this research as these effects are trivial
for WMRs with PCWs working in indoor planar grounds.
Slip-Friction Model
The longitudinal contact forces Fx can be described in the form of classical fric-
tional force representation as
Fx = µFz (3.46)
where µ is the friction coefficient that depends on the material properties of the
wheel and ground and the relative motion between the wheel and ground.
Variations of friction coefficient µ with slip ratio λ is an important characteristic
curve [10] in vehicle dynamics (Fig. 3.8). In a typical λ−µ curve, µ increases with λ
until it reaches its peak value µp which corresponds to slip ratio λp. Further increase
of the slip ratio beyond λp results in rapid decrease of µ and the wheel slides or spins
on the ground unstably [116].
Most of the reported λ−µ curves for different terrains were determined by exper-
iments. There are also many analytical models reported in the literatures that aim to
formulate the slip-friction model. However, those models are usually too complicated
to be used in practice. In this research, we adopt the simple Kinecke Model [73] (Eq.






The Kinecke Model is chosen because it models the λ−µ curve using only the two
important parameters of the terrain: the peak friction coefficient µp and the critical








Figure 3.8: Relationship between the longitudinal friction coefficient and the slip ratio. In
the stable region of this curve, the friction coefficient increases with the slip ratio. In the
unstable region of this curve, the wheel slips significantly and the wheel loses traction.
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CHAPTER 4
REAL TIME SLIP DETECTION AND ESTIMATION
In order to control the slip behavior of the system explicitly or implicitly, it is
necessary to obtain the information of slip quantitatively or qualitatively. Sensor
measurement and system model are required for slip detection and estimation. The
objective is to obtain slip information in real time using limited and cost effective
sensors. Slip detection and estimation are useful for the purpose of improving the
odometry accuracy of WMRs. It is also useful for the servo controller to determine
the control or adjust its control parameters in order to reduce the slip effects.
4.1 Slip Detection with Cost Effective Sensors
We present an effective slip detection technique using two types of inexpensive
sensors that are commonly available for WMRs. The two types of sensors are encoder
and Inertia Measurement Unit (IMU). This technique is known as dead reckoning or
proprioceptive navigation with internal sensing as opposed to exteroceptive navigation
with external sensing.
55
4.1.1 Slip Detection with Encoder
In WMRs, internal sensing is referred to the use of position or velocity sensors in
the wheels to estimate the robot position or velocity in the global frame. Estimat-
ing the global position of the robot using only internal sensors is the simplest and
common localization method for mobile robotics. This method is called odometry or
dead-reckoning in localization literature. For the purpose of slip detection, velocity
information is more important than position information.
Common internal sensors for WMRs are encoders, resolvers and tachometers.
Angular encoder and resolver are angular position sensors but are also usually used to
estimate angular velocity by backward difference method combined with suitable low
pass filters. Tachometer is direct angular velocity measuring sensor and can generally
provide more accurate angular velocity information than encoder or resolver. In this
thesis, however, we assume that the velocity estimation using encoder or resolver or
the direct velocity measurement from tachometer are both accurate enough for the
purpose of slip detection.
We assume each wheel of WMRs is equipped with either position or velocity
sensors. For PCW-based WMRs, since these robots are redundantly actuated, each
actuator must be equipped with position or velocity sensor for servo control. In this
case, by comparing the internal sensing information between wheels, slip information
on particular wheel could be detected.
Slip detection based on internal sensing mainly makes use of the kinematic model
of the robot. The principle of this slip detection method can be described as below:
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The “sensed” wheel center velocities are computed from the internal sensing of
joint velocities q˙int:
p˙int = Bq˙int (4.1)
Then operational velocities of the robot are estimated based on the forward kine-
matics using the pseudo-inverse of matrix A:
x˙int = A
†p˙int (4.2)
With the operational velocities of the robot ˆ˙xint that are estimated from inter-
nal sensor information, the corresponding actual wheel center velocities p˙ are also
estimated using the internal sensor information:
ˆ˙pint = Aˆ˙xint (4.3)
Although the slip is defined as the difference between the “sensed” and and the
actual wheel center velocity, we obtained an estimated slip using only internal sensor
information:
ˆ˙ε = p˙int − ˆ˙pint (4.4)
All these equations can be written in one as:
ˆ˙ε = (I − AA†)Bq˙int (4.5)
With the “internally sensed” operational velocities based on pseudo-inverse, we
share information between wheels to detect the outliers which are slipping.
This internal sensing based slip detection method is effective even in indoor en-
vironments as shown in Fig. 4.1. This figure shows a scenario where all the wheels
were not slipping except wheel 3 that was slipping during the period between 1.5 sec
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Figure 4.1: Wheel slip can be detected using the redundant wheel encoders. For those
wheels that are slipping, the calculated slip velocities of them are not consistent with those
of the rest of wheels. This detection scheme becomes invalid if all wheels are slipping
simultaneously.
and 3.5 sec. It can be seen that the estimated slip of the slipping wheel (Wheel 3
in the figure) is positive while those of the rest are negative. The magnitude of the
estimated slip actually provides a useful hint to determine the slip behavior of the
wheel. In vehicle dynamics, positive slip is sometimes called slipping while negative
slip is called skidding.
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However, a reliable slip detection procedure using internal sensing is not as simple
as just observing the sign of the estimated slip. We have developed a systematic
procedure [117] in detecting wheel slip as follows.
1. If all rolling (steering) joints satisfy condition:
|ˆ˙ε| < ε˙thres (4.6)
where ε˙thres is the threshold to reject the effects of sensing noise and numerical
error, then no wheel is slipping or skidding.
2. If there exists at least one rolling (or steering) joint that doesn’t satisfy Condi-
tion 4.6, find the two wheels i and j that satisfy:
ˆ˙εi ˆ˙εj > 0
ˆ˙εi − ˆ˙εj ≤ ε˙thres (4.7)
• If such a pair of wheels cannot be found, it implies that all the wheels are
slipping/skidding or there is only one wheel that is not slipping/skidding
but it cannot be recognized by this procedure.
• If more than one such pair of wheels are found, the pair with smallest es-
timated slip magnitude is considered non-slipping. Consider a third wheel
k: if
ˆ˙εi ˆ˙εk > 0
ˆ˙εi − ˆ˙εk ≤ ε˙thres (4.8)
then wheel k is not slipping/skidding, otherwise wheel k is slipping if its
estimated slip is positive or skidding if its estimated slip is negative.





and the “correct” slip for slipping/skidding wheels:
ˆ˙εcor = (I − AijA†ij)Bij q˙ij
It can be seen that this procedure not only recognizes the slipping/skidding wheels
but also computes the “correct” slip information of those slipping or skidding wheels.
It is noted that above procedure should be evaluated separately for the rolling and
steering joints in case of independently steered and drivingWMRs such as PCW-based
WMRs. It should also be noted that this procedure is not reliable for some trivial
cases. For example, if there are about the same “amount” of slip on all the wheels
except one non-slipping wheel, this procedure will result in wrong detection. In the
following, we address this issue.
4.1.2 Slip Detection with Inertia Measurement Unit
The main problem of internal sensing based slip detection lies in the fact that it
estimates the actual wheel center velocity using internal sensor information. In this
case, both the “sensed” and actual wheel center velocities are obtained from internal
sensing. So the estimated slip is, in principle, not realistic. In case where all wheels
are slipping, internal sensing based slip detection method cannot work or it may lead
to wrong detection in some trivial cases. Combining external sensing and internal
sensing can overcome the problem by obtaining the operational velocities directly
from external sensors. The principle of this slip detection method can be described
as below:
The “sensed” wheel center velocities are still computed from internal sensing of
joint velocities:
p˙int = Bq˙int (4.9)
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while the “actual” wheel center velocities are now computed from external sensing
of operational velocities:
p˙ext = Ax˙ext (4.10)
The estimated slip is thus computed as:
ˆ˙ε = p˙int − p˙ext
ˆ˙ε = Bq˙int − Ax˙ext (4.11)
A threshold is still desirable to be used in the case of external sensing to reject
sensing noise and numerical errors. The condition to determine whether a wheel is
slipping/skidding or not is given as:
|ˆ˙ε| < ε˙thres (4.12)
If this condition is satisfied, the wheel is not slipping/skidding, otherwise the wheel
is slipping/skidding.
Combining internal sensing and external sensing is ideal for slip detection and
estimation. However, this method requires the extra external sensors and the external
sensors are required to have as fast response as the internal sensors so that real
time slip detection and estimation is realized. A desirable solution is the availablity
of cost effective and yet fast feedback rate external sensors. Among the existing
sensors, MEMS-based Inertial Measurement Unit (IMU) sensor is probably the most
suitable external sensor to fulfill our requirements. Due to the advancement of MEMS
technology in recent years, IMU sensors become cost effective and their sensing rate
is fast enough that they are suitable for real time sensing. Moreover, thanks to its
inertia-based sensing, IMU sensors are self-contained.
We have tested the performance of a IMU sensor for real time velocity sensing and
compared it with the velocity computed from the encoder sensing. The tested results
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Figure 4.2: With the assist of external sensors such as Inertia Measurement Unit (IMU),
wheel slip can be detected by comparing the velocities sensed by the wheel encoders and
the IMU.
are shown in Fig. 4.2. The sensing rate of the IMU sensor used in this experiment
was as high as 1000 Hz, it is sufficient for real time sensing. Since Gyroscope is
absolute sensor, the wheel slip can be reliably detected by comparing the velocities
sensed by the wheel encoders and the Gyroscope sensor.
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4.2 Slip Estimation with Sliding Mode Observer
Internal sensing is not always reliable while external sensing requires extra sensors.
Moreover, external sensors such as IMU suffer the drift problem. The drift problem
will be even more significant in the case of accelerometer due to integration error. An
alternative sensing technique is to construct state observers based on the information
about the system model.
State observers can be considered as virtual sensors. Ideally, with the system
model and limited output/input information, state observers can always be con-
structed. However, conventional state observers are designed for linear systems. In
our case, the full dynamic model consists of the vehicle rigid body dynamics and the
wheel-ground interaction model. This makes the system model highly nonlinear. A
solution to this is to linearize the system model and then use conventional linear state
observers such as Kalman fitlers [118]. Another solution is to directly use nonlinear
state observers. In a similar application, [81] has compared the performances between
extended Kalman filter and sliding mode observer. Sliding mode observer was found
to outperform the extended Kalman filter. Sliding mode observer is preferred also due
to its simplicity for implementation and its robustness characteristic [91]. Therefore
we adopt sliding mode observer to estimate the mobile robot’s operational velocities.
Below we construct two sliding mode observers based on either joint velocity
measurement or joint angle measurement.
4.2.1 Velocity Observer with Joint Velocity Measurement
The evaluation of slip ratio requires the information of the wheel angular velocity
and the actual velocity of the mobile robot. Usually, only the wheel angular velocity
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is directly available using measurement from tachometer or numerical differentiation
from encoder. The actual velocity of the mobile robot is usually not directly measured
and can be estimated using the sliding mode observer.
For the convenience of analysis, we formulate the system in state space for one
wheel. We define the following variables:






States of the system are chosen as the wheel angular velocity ρ˙ and the longi-
tudinal velocity of the wheel vx.
• Output Y :
Y = ρ˙
• Input U :
U = τρ
Based on Eqs. 3.45 to 3.47, the state space equations of the one wheel system can
be written as
X˙ = f(X) + gU (4.13)










where Fz is the vertical force acting on the wheel and Mw is the mass of the wheel.
The fact that the friction coefficient µ(X) is an implicit function of the state vector X
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can be seen from Eq. 3.47 which shows the relationship between the friction coefficient
µ and the slip ratio λ.
We define the sliding mode observer as follows
ˆ˙X = fˆ(Xˆ) + gˆU − HY˜ − Ksgn(Y˜ ) (4.14)
where Xˆ, fˆ and gˆ are estimates of X, f and g respectively. Y˜ ≡ ρ˙ − ˆ˙ρ is defined as
the estimation error. In the structure of the sliding mode observer, estimation error
Y˜ acts as the Sliding Variable s.
Readers are referred to [119] for the details of the observer derivation and its
analysis as well as techniques to choose the gains H andK for matching the estimated
states to their actual values.
Fig. 4.3 shows the simulation performance of the sliding mode observer in estimat-
ing the wheel’s longitudinal velocity vx with the wheel angular velocity measurement.
It can be seen that the estimated states vˆx successfully converged to the actual states
vx.
4.2.2 Velocity Observer with Joint Angle Measurement
The sliding mode observer presented in previous section assumes the joint veloc-
ities are measurable. However, in most cases, position sensor such as encoder and
resolver are used instead of velocity sensor such as tachometer. Although joint ve-
locities can be obtained using backward difference of position measurement with low
pass filter, the accuracy is limited. Due to the robustness of SMO, we will show in
this section that, even with only the joint position measurement, SMO is still capable
of estimating the unmeasurable states of the system.
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Figure 4.3: In the simulation of one wheel motion, wheel velocity estimated using the sliding
mode observer with joint velocity measurement is plotted verses the actual velocity of the
wheel. The settling time for convergence is about 0.12 second.
The same SMO structure can be used. The only difference is the order of the
observer has been increased. We modify the previous observer as follows:






• Output Y :
Y = ρ
• Input U :
U = τρ









The observer has the same structure as the previous one:
ˆ˙X = fˆ(Xˆ) + gˆ(Xˆ)U − HY˜ − Ksgn(Y˜ ) (4.15)
Fig. 4.4 shows the performance of this sliding mode observer in simulation. Similar
to the result shown in Fig. 4.3, the estimated states converged to the actual states
successfully.
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Figure 4.4: In the simulation of one wheel motion, wheel velocity estimated using the sliding
mode observer with only joint angle measurement is plotted verses the actual velocity of
the wheel. The settling time for convergence is about 0.15 second.
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CHAPTER 5
SLIP CONTROLLERS: DESIGN AND
IMPLEMENTATION
In the previous chapters, we have extended both kinematic and dynamic models
to the ones that take slip into account. Several slip detection, measurement and
estimation schemes were presented to obtain slip information in real time. It has
been shown that classical robotic controllers are not capable of handling the slip
problem. In this chapter, we will make use of all the results from previous chapters to
design controllers that aim to reduce slip or to control the dynamic behavior of slip
explicitly. Our slip controller design is based on the main effects that are relevant to
the slip behavior of WMRs.
There are three main effects relevant to slip behavior of WMRs. The most direct
effect of slip phenomenon is the incompatibility of wheel motion with the non-slip
kinematic constraints of the system. Therefore, from the control point of view, high
performance motion controller with disturbance rejection is expected to reduce the
slip effect.
The second effect is that slip generates internal forces within the mechanism.
When slip occurs, wheel motion violates the ‘rigidity‘ condition of rigid body motion
and internal forces are generated within the mechanism. On the other hand, increased
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internal forces will further amplify the occurrence of slip. Therefore effectively con-
trolling the internal forces will be beneficial for slip reduction.
Lastly, slip effect is directly related to the traction forces that the ground acts on
the mobile robot. It can be seen from the wheel-ground interaction model presented
in Chapter 3 that traction force is a function of slip ratio. So by explicitly controlling
the slip ratio, we can control the traction forces that drive the mobile robot.
In this chapter, we will propose several control algorithms to handle the three
main effects that are related to slip. For the motion incompatibility effect, we modify
the standard kinematic controller by incorporating with the sliding mode control
technique to achieve better trajectory tracking and disturbance rejection. For the
internal force effect, we derive a controller that describes the contact forces in terms
of task space forces and internal forces. Actuation redundancy of the system is used
to achieve desired internal forces. For the traction force effect, we propose a slip
ratio controller that controls explicitly the slip behavior of system. Along with all
the controller design, comprehensive results of all the proposed control algorithms are
demonstrated in both simulation and real time experiments.
5.1 Sliding Mode Slip Compensation
In most existing WMRs, the well known Resolved Motion Rate Control (RMRC)
is prevalent for their controller design. In RMRC, desired task space trajectory is
first mapped to desired joint space trajectory based on the kinematic model of the
robot and then each joint is controlled independently. Due to its kinematic-based
and individual joint control characteristic, different tracking performance exists for
each joint. Uneven tracking performance of each wheel will be more significant in
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the case of WMRs due to the varying loading and contact conditions between wheel
and ground. Strictly speaking, slip occurs as long as tracking error of any wheel is
different and not zero. Thus, a fast and accurate trajectory tracking controller is a
basic strategy for slip reduction. Due to the fact that dynamics is not accounted for
in RMRC, dynamics effects act as disturbances to the controller during motion. So
a controller that is insensitive to the un-modelled dynamics and disturbances will also
be effective in slip reduction.
A simple PID controller taking Eq. (5.1) as input can be implemented.
e = Ax˙d − (Bq˙ − ε˙) (5.1)
In order to achieve higher performance, the slip should be compensated in a fast
manner so that the “fighting” between wheels can be eliminated quickly to achieve
better wheel synchronization. For this case, we choose sliding mode controller. Slid-
ing mode controller is well known to be robust to un-modelled dynamics and other
disturbances.
In this section, we incorporate sliding mode control with standard RMRC to
achieve high trajectory tracking performance with the capability of dynamics com-
pensation and disturbance rejection.
5.1.1 Sliding Mode Kinematic Control
Sliding Mode Control is a simple and effective robust nonlinear control technique
thanks to its robustness to parametric uncertainty and external disturbances [91].
The basic idea of sliding mode is that with replacing nth-order tracking problem
with an equivalent 1st-order regulation problem, high performance can be in principle
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achieved in the presence of arbitrary bounded parameter uncertainty and external
disturbances. Details on the design procedure and stability analysis of sliding mode
controller is presented in Appendix C. Fig. (5.1) shows a control diagram that incor-
porates RMRC with SMC and we called this scheme the Sliding Mode Enhanced
Resolved Motion Rate Control (SME-RMRC). The control algorithm of the SME-

















Figure 5.1: Control diagram of the Sliding Mode Enhanced Resolved Motion Rate Control
(SME-RMRC) scheme. TP: trajectory planner, SD: slip detector.
In the SME-RMRC scheme as shown in Fig. 5.1, the one-to-one mapping be-
tween the joint torques τ and the control signal u is obtained through the trans-
formation matrix BT . Treating the contact point forces as the control signal is an
important scheme for developing slip control algorithms in this research. The con-
trol signal u consists of two terms: one is the continuous control uc and the other
one the discontinuous control udis. The continuous control uc is computed using the
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Table 5.1: Control algorithm of the Sliding Mode Enhanced Resolved Motion Rate Control
(SME-RMRC) scheme.
(1) Control Input
τ = BTu (wheel torque)
u = uc + udis (controller output)
(2) Continuous Control with Resolved Motion Rate Control
uc = kp(p˙d − p˙) + ki
∫ t
to
(p˙d − p˙)dt (PI controller)
p˙d = Ax˙d (desired wheel center velocity)
p˙ = Bq˙ (actual wheel center velocity)




sgn(s) (low pass filtered sliding mode control)
s = −ε˙+ z (sliding variable)
z˙ = u−Ksgn(s) (auxiliary sliding variable)
conventional RMRC scheme. In the RMRC scheme, we adopted a simple PI con-
troller as described in Table 5.1. The discontinuous control udis is computed using
a sliding mode controller. In order to reduce the negative effects of the chattering
issue of sliding mode controller, we adopted the integral sliding mode with low pass
filtering scheme as described in Table 5.1. This special sliding mode control scheme
is explained in detail in the next section.
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5.1.2 Chattering Reduction
Chattering problem remains the main obstacle for practical implementation of
sliding mode control. There are mainly three factors that cause chattering in sliding
mode control. First, perfect switching across the sliding plane s = 0 is not possible
in practice (for instance, switching is not actually instantaneous, and the value of
s is only known with finite precision) [91]. Second, fast dynamics neglected in the
system modelling is often excited by the fast switching of sliding mode controllers
[98]. Third, digital implementation with fixed sampling rates leads to discretization
error [98].
Many schemes dealing with chattering problem of sliding mode control have been
proposed in the literature such as boundary layer method [91], disturbance ob-
servermethod [96] etc. Although all these schemes can handle the chattering problem
with certain performance, none of these schemes can eliminate the reaching phase of
sliding mode control. As stated in [98], “the robustness property of conventional
sliding mode control with respect to variations of system parameters and external
disturbances can only be achieved after the occurrence of sliding mode. During the
reaching phase, however, there is no guarantee of robustness”. In order to solve the
chattering problem as well as the reaching phase elimination problem, a scheme called
Low Pass Filtered Integral Sliding Mode Control (LPFISMC) is adopted in our slid-
ing mode controller. The formulation of the LPFISMC scheme is shown in Table
5.1. The reason of integral sliding mode control being able to eliminate the reaching
phase is due to the fact that the order of the motion equation in integral sliding mode
is equal to the order of the original system. Incorporating with a fine tuned low pass
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filter, integral sliding mode control can achieve robustness starting from the initial
time instance without chattering.

























Figure 5.2: Comparing the chattering reduction and transient response performance be-
tween the Boundary Layer scheme and the LPFISMC method in the sliding mode controller.
Both methods can reduce chattering effectively. The Boundary Layer scheme has an obvi-
ous reaching phase towards the sliding surface while the LPFISMC scheme eliminates the
reaching phase.
Fig. (5.2) shows a comparison between the boundary layer method and the LP-
FISMC method. It can be seen from these two figures that both methods rejected
the chattering. However, the boundary layer method experienced a reaching phase
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before the sliding mode while the LPFISMC reached the sliding mode almost in-
stantaneously without any reaching phase.
The idea of LPFISMC was originated from Utkin’s work [98] and was called the
disturbance rejection method. However, to our best understanding, this is the first
time that LPFISMC is used for WMR control.
Fig. 5.3 shows the tracking performance comparison between the LPFISMC
scheme and the standard RMRC scheme in real time experiments.
























Figure 5.3: Position tracking error comparison between the RMRC and SME-RMRC
schemes. The SME-RMRC scheme outperformed the RMRC scheme.
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Noted that only the angular position tracking error for one wheel is shown in Fig.
5.3 as the robot was commanded to move in straight line. In this experiment, the
position tracking error is taken as the performance criteria. The position error, which
was computed based on the assumption that the inverse kinematic model is accurate,
was taken as the ground true for this experiment. It can be seen that the tracking
performance was improved significantly after incorporating the sliding mode control
with the RMRC scheme. The slip information is required for the sliding mode
control and it can be obtained either by direct sensing or estimation using those
slip estimation schemes developed in Chapter 4. Sliding mode is chosen for its fast
response and robustness to compensate for the unmodelled dynamics.
5.2 Internal Force Control
In Chapter 3, we have presented the dynamic modelling of wheeled mobile robots
(WMRs) based on the Augmented Object Model (AOM). The AOM concept consid-
ers the WMR as instantaneous fixed base multiple manipulators (the wheels) grasping
a common object (the chassis). Another similar observation of WMRs is to consider
WMRs as multi-fingered hand system grasping a object (the ground). In this obser-
vation, the contact forces that the ground acts on the WMR result in the resultant
motion of the WMR. In the multi-fingered grasping tasks, an object (the ground in
the WMRs case) is grasped by the fingers (the wheels in WMRs case). The similarity
between WMRs and multi-fingered grasping tasks are demonstrated in Fig. 5.4. By
this observation, the ideas from multi-fingered grasping (MFG) tasks can be used for
the case of WMRs.
77
Figure 5.4: Topologically, wheeled mobile robot is similar to multi-fingered grasping. Slip
problem is considered in both wheeled mobile robots and multi-fingered grasping. Ideas on
slip study of multi-fingered grasping can be borrowed for wheeled mobile robots
In multi-fingered grasping tasks, internal force (or interaction force) is an impor-
tant effect to be considered. Internal force between two contact points of a multiple
points contact is defined as the difference between the contact forces along the line
joining the two contact points. Internal force is closely related to the slip phenomenon
in multi-fingered grasping tasks (the finger tips slip on the object) in following four
cases:
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1. zero internal force but non-zero slip.
This case is trivial for both MFG and WMR because it represents a rare situ-
ation where slip occurs but it generates zero relative motion between any pair
of contact points.
2. non-zero internal force and non-zero slip.
This case is not desirable for both MFG and WMR. However, this case is also
the most common situation for both tasks.
3. non-zero internal force but zero slip.
This case is ideal for MFG since non-zero internal force is required to ensure a
stable grasp. For the case of WMR, zero slip is desired but non-zero internal
force is harmful because the existence of internal force increases the chance of
slipping.
4. zero internal force and zero slip.
Zero internal force is not preferred for MFG because internal force is required
for stable grasping. However, this case is ideal for WMR.
For WMRs, our main objective is to achieve zero slip. Therefore, Case 3 and
4 are desirable. Generally, the mobile robot is in situations of Case 2. Therefore,
the control scheme should try to drive the robot from Case 2 to Case 3 or the ideal
situation of Case 4.
Standard controller design for mobile robots is to determine joint torques τ (rolling
and steering motor torques) directly in terms of operational forces F. However, such
design does not describe the internal forces of the system and it is possible that
significant internal forces may be generated. It is desirable to design controllers that
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are able to specify the internal forces. Since internal forces describe the relationship
among the contact forces of each pair of contact points, controllers directly describing
contact forces are possible to reveal the internal force generated in the system. The
concept of relating contact forces to operational space forces is well known in areas
of multi-fingered grasping tasks, multi-arms manipulation tasks and legged robots
walking tasks. In these areas, the relationship between contact forces and operational
space forces are described as equilibrium equations [63, 64]. In what follows, we first
propose a control scheme that aims to minimize the internal forces.
5.2.1 Internal Force Minimization
Fig. 5.5 shows the diagram that describes the relationship between the internal















space forces Ft = [f,m]
T .
We have previously derived the relationship between operational space velocities
and contact point velocities in Chapter 3 as
p˙ = Ax˙
In the case of Fig. 5.5, matrix A is given as
A =
 1 pˆi1 pˆj
1 pˆk

From the velocity/force duality, it is straight-forward to derive following equations


















Figure 5.5: Diagram showing the rigidity condition of a rigid body motion. When applied
to wheeled mobile robot, the rigidity condition describes the instantaneous relationship
between the internal forces at the wheel-ground contact points and the resultant forces at
the operational point of the robot. The occurrence of wheel slip implies the broken of the
rigidity condition.
Based on the definition of internal force, the relationship between contact forces
and internal forces is described as follows.
Fint = EFcon (5.3)
where E is given as
E =




pij = pj − pi
It can be verified that
EA = 0
81
.This relation implies that internal forces lie in the null space of resultant forces
acted on the object.
A general solution to the contact forces based on Eq. (5.2) is given as
Fcon = (A
T )]Ft + (I − (AT )]AT )fo (5.4)
where (AT )] is any generalized inverse of AT .
If we choose the generalized inverse (AT )] to be the pseudo-inverse (Moore-Penrose
Generalized Inverse), Eq. (5.4) can be written as
Fcon = (A
T )†Ft + (I − (AT )†AT )fo (5.5)
where (AT )† = A(ATA)−1 is the pseudo-inverse of AT .
It can be seen that when the pseudo-inverse is used, the internal forces are given
as
Fint = E(A
T )†Ft + E(I − (AT )†AT )fo
= EA(ATA)−1Ft + Efo − EA(ATA)−1ATfo
= 0 + Efo − 0
= Efo
This implies that a solution to the contact forces that generates zero internal
forces is given as
Fcon = (A
T )†Ft (5.6)
We called this solution the Minimal Internal Force solution for the contact force
distribution problem.
A control algorithm based on the Minimal Internal Force solution is formulated
in Table 5.2 and we refer to this as the Internal Force Minimization (IFM) scheme.
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F⊕ = Λˆ⊕(x¨d + kp(xd − x) + kd(x˙d − x˙)) + ϑˆ⊕
Fig. 5.6 shows the results of comparing the wheel motion synchronization per-
formance between the Augmented Object Model based control and the Augmented
Object Model based control with the Internal Force Minimization (IFM). When inter-
nal forces are minimized, the chance for the occurrence of wheel slip is also minimized.
This graphs demonstrate the effectiveness of the proposed IFM scheme.
The fact that the pseudo-inverse leads to a minimum internal force solution has
already been revealed in literature of multi-fingered grasping tasks [63]. This idea
was recently applied to wheeled mobile robots by R. Holmberg [6]. However, R.
Holmberg has considered only the scheme to achieve zero internal force. The actuation
redundancy of the system was not actively utilized in R. Holmberg’s scheme. However,
the actuation redundancy of the system introduces a null space where the internal
forces can be actively controlled. We call this null space the “Internal Force Space”.
In follows, we propose two slip control schemes that actively make use of the internal
force space of the robot. The internal force space of the robot is actively utilized
in the two schemes (Traction Limit Avoidance and Slip Constraint Force Control)
aiming to achieve minimum wheel slip.
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Figure 5.6: Comparing the wheel motion synchronization performance between the Aug-
mented Object Model based control and the Augmented Object Model based control with
Internal Force Minimization (IFM). When internal forces are minimized, the chance for the
occurrence of wheel slip is also minimized. This diagram demonstrates the effectiveness of
the proposed IFM scheme.
5.2.2 Traction Limit Avoidance
From the previous vehicle dynamics analysis, it can bee seen that there exists a
traction limit between the wheel and the contact surface. The traction limit can be
decomposed into the longitudinal traction limit Fmx and lateral traction limit Fmy.
If the required contact force computed based on the augmented operational forces
F⊕ exceeds the traction limit Fmx or Fmy, the wheel will slip/skid in the longitudinal
direction or the lateral direction. Therefore a traction limit avoidance control scheme
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should be developed. By actively making use of the internal force space of the robot,
we propose a control scheme called Traction Limit Avoidance (TLA) and its control
algorithm is summarized in Table 5.3. In this algorithm, contact point desired force
Fcon is computed with two parts: one is the operational force F⊕ that represents the
motion control task and the other one is the null space control fo that ensures the
contact force is limited to be a certain percentage of the traction limit fm. If the
calculated contact force is less than the traction limit, the calculated value will be
taken as the required contact force command. This decision making rule as described
by the last equation of Table Tb−TLAvoid guarantees the control objective of traction
limit avoidance.
Table 5.3: Control algorithm of the Traction Limit Avoidance (TLA) scheme.
τ = BTFcon
Fcon = (A
T )†F⊕ + (I − (AT )†AT )fo
F⊕ = Λˆ⊕(x¨d + kp(xd − x) + kd(x˙d − x˙)) + ϑˆ⊕
fo = [fcon ≤ afm : fcon, afm],(0 < a < 1)
Fig. 5.7 and 5.8 compare the torque distribution and traction limit avoidance
capabilities of the Jacobian matrix J and the transformation matrix A. By comparing
Fig. 5.7 (a) and Fig. 5.8 (a), it can be seen that use of transformation matrix A results
in less joint torque compared to the use of Jacobian matrix J. By comparing Fig. 5.7
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(b) and Fig. 5.8 (b), it can be seen that use of transformation matrix A distributes
the joint torque more evenly than the case when Jacobian matrix J is used.










Torque Distribution based on Jacobian Matrix J





















Torque Distribution based on Jacobian Matrix J

























Figure 5.7: (a) Joint torque required in a straight line motion using standard Computed
Torque Control scheme without internal force space control. Pseudo-inverse of the Jacobian
matrix J is used to compute the required joint torque. Joint torque as high as 4.2 Nm is
required without joint torque limit or traction limit imposed. (b) Internal force space control
is used to avoid joint torque limit or traction limit. The internal force space used in this
example is that of the inverse Jacobian matrix J.
Besides the objective of traction limit avoidance, actuation redundancy of the
wheeled mobile robot can also be used for other objectives such as singularity avoid-
ance and joint limit avoidance. In case of WMRs with PCWs that power all actuators,
singularity avoidance problem is not needed as the robot is singularity free (recall from
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Figure 5.8: (a) Joint torque required in a straight line motion using standard Computed
Torque Control scheme without internal force space control. Pseudo-inverse of the trans-
formation matrix A is used to compute the required joint torque. Joint torque as high as
3.5 Nm is required without joint torque limit or traction limit imposed. (b) Internal force
space control is used to avoid joint torque limit or traction limit. The internal force space
used in this example is that of the transformation matrix A.
the singularity analysis presented in Chapter 3). For the joint limit avoidance prob-
lem, since traction limit is usually stricter than the joint limit, avoidance of traction
limit implies avoidance of the joint limit.
The Traction Limit Avoidance (TLA) control scheme is basically a “limit condi-
tion check”. However, the traction limit check does not explicitly utilize wheel slip
information. Avoiding the traction limit does not guarantee zero wheel slip. An ac-
tive slip control scheme should utilize wheel slip information to drive the slip towards
zero. In the following we propose such a control scheme.
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5.2.3 Slip Constraint Force Control
The internal force analysis presented previously motivates us to develop slip con-
trol scheme through the internal force space control. The concept of using internal
force control for WMRs is of important research value. R. Holmberg [6] was the first
to propose the scheme of minimum internal force distribution for WMRs with the
Virtual Linkage Model [24]. However, he did not specify any criteria on the non-zero
internal force control problem for WMRs. In this research, we characterize the inter-
nal forces in WMRs as the constraint forces associated with wheel slip. Based on the
principle of virtual work, we propose a control scheme to minimize the slip constraint
forces in the internal force space. This scheme is desirable as it decouples the oper-
ational forces with the internal forces by controlling wheel slip in the internal force
space. This scheme is similar to Khatib’s task/posture behavior control structure
[120].
In the following we analyze an important relationship between the constraint forces
and wheel slip. This relationship is important in our subsequent control schemes de-
velopment. The relationship is basically the fact that the constraint forces associated
with wheel slip are lying in the internal force space of the system.
Based on the principle of virtual work, following relation is derived.
F Tε δε = F
T
p δp− F T δx
where Fε is the constraint forces associated with the virtual wheel slip displacement
δε.
Based on the fact that ε˙ = Bq˙ − Ax˙, the above equation is re-written as
F Tε (Bδq − Aδx) = F Tp Bδq − F T δx
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Similarly, based on the fact that x˙ = A†Bq˙, the above equation is re-written as
F Tε (Bδq − AA†Bδq) = F Tp Bδq − F TA†Bδq
The above equation is satisfied for any δq, therefore
F Tε (B − AA†B) = F Tp B − F TA†B
By taking the transpose of both sides of the above equation, we obtain
(B − AA†B)TFε = BTFp − (A†B)TF
These equations are satisfied for any B, therefore
Fp = (A
†)TF + (I − AA†)TFε
From this equation, it can be seen that the constraint forces associated with wheel
slip lie exactly in the internal force space. This relationship enables us to utilize the
wheel slip information to control the slip-associated constraint forces.
By intuition, the slip-associated constraint forces achieve zero when wheel slip
achieves zero. Thus we can construct a potential field function of the wheel slip to
represent the slip-associated constraint forces and control this potential filed function
to drive the wheel slip to zero. To do this, we construct following relation
Fε = kp(0− ˆ˙ε) + ki(0−
∫
ˆ˙εdt) (5.7)
The control algorithm of the Slip Constraint Force Control (SCFC) scheme is
summarized in Table 5.4. Different from the TLA scheme, where the contact force
command is checked against the traction limit so that avoidance of the traction limit
is achieved, the slip velocity information is used explicitly in the SCFC scheme such
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Table 5.4: Control algorithm of the Slip Constraint Force Control (SCFC) scheme.
τ = BTFp
Fp = (A
T )†F⊕ + (I − (AT )†AT )fε
F⊕ = Λˆ⊕(x¨d + kp(xd − x) + kd(x˙d − x˙)) + ϑˆ⊕
fε = kp(0− ˆ˙ε) + ki(0−
∫
ˆ˙εdt)
that the slip velocity is driven towards zero by using control scheme described in Eq.
5.7.
In the following we present experimental results to demonstrate the effectiveness
of the Slip Constraint Force Control scheme. These results have been published in
[117].
Slip Constraint Force Control for Trajectory Tracking
This experiment tests the effectiveness of the SCFC scheme in trajectory tracking
of the wheeled mobile robot. The basic controller structure used in this experiment
was a computed torque scheme based on the dynamic model formulated with the
Augmented Object Model. The robot was commanded to move in a straight line for
two cases: one without the SCFC scheme implemented and the other with the SCFC
scheme implemented. Fig. 5.9 (a) shows that slip was detected when the SCFC
scheme was not implemented while Fig. 5.9 (b) shows that slip was maintained at
zero when the SCFC scheme was implemented. Since the desired velocity of the
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robot is quintic polynomial with initial and final velocities to be zero, Fig. 5.9 also
shows that slip was more significant when the robot moved with faster speed.
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Figure 5.9: Performance of the Slip Constraint Force Control (SCFC) scheme in trajectory
tracking tasks. (a) Slip was detected when SCFC was not implemented; (b) Slip was
eliminated when SCFC was implemented.
Slip Constraint Force Control for Force-Guided Wheeled Mobile Robots
This PhD research is part of an on-going collaborative project between Singapore
Institute of Manufacturing Technology and National University of Singapore. The
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main objective of the collaborative project is to achieve robust mobile manipulation
in human unstructured environments. To achieve this objective, a mobile manipu-
lator system with high performance unified force/motion control [44] capabilities is
critical for the mobile manipulator system to interact with humans and unstructured
environments. This objective also acts as the main motivation for developing an
omnidirectional wheeled mobile robot with dynamic control and slip control capabil-
ities. Fig. 5.10 shows another mobile manipulator developed in Singapore Institute
of Manufacturing Technology. This mobile manipulator consisted of a Mitsubishi
PA10 7DOF manipulator and the omnidirectional wheeled mobile robot with 4 Pow-
ered Caster Wheels. Most of the experimental results presented in this dissertation
was obtained from the mobile robot of this mobile manipulator. We have modified
the SCFC scheme to adapt to the unified force/motion control framework of the
mobile manipulator. Table 5.5 summarizes the control algorithm of the modified
SCFC scheme and we call this modified algorithm the UFM-SCFC scheme. As
seen from Table 5.5, the unified force Fu is computed using the conventional unified
force/motion control framework that unifies force control Ff and motion control Fm
with the selection matrix Ω. The special feature of this scheme is mainly in the com-
puting of the null space control fo. Instead of using the estimated slip velocity in the
SCFC scheme, a virtual slip velocity is computed in the UFM-SCFC scheme as
(A
∫
Ω¯Ffdt−Bq˙). This virtual slip velocity will generate extra control effort (besides
the effort generated within Fu) to achieve better active force control Ff .
Before testing the UFM-SCFC scheme in the mobile manipulator system, we
first implemented force control for the mobile robot to validate the slip constraint
force control concept. The force-guided wheeled mobile robot was implemented with
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Figure 5.10: Another mobile manipulator developed in Singapore Institute of Manufactur-
ing Technology. This mobile manipulator consists of a Mitsubishi PA10 7DOF manipula-
tor and an omnidirectional wheeled mobile robot with 4 Powered Caster Wheels. Unified
force/motion control is implemented for this mobile manipulator with the proposed slip con-
straint force control scheme. Image courtesy of the Singapore Institute of Manufacturing
Technology.
a JR3 6DOF force/torque sensor mounted on the mobile robot. Two experimental
results were obtained from the force-guided tasks of the mobile robot.
Fig. 5.11 shows off-the-ground test of proposed controller in Table 5.5. The
evenness of individual wheels’ driving speeds during two force-guided motions of the
mobile robot were captured. In order to repeat the same motions as much as possible,
the operator has tried to apply the same force commands. When slip constraint force
control scheme was not incorporated as shown in Fig. 5.11 (a), wheel speeds were
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T )†Fu + (I − (AT )†AT )fo
Fu = Λˆ⊕(ΩFm + Ω¯Ff ) + ϑˆ⊕ + Fsensor
Fm = x¨d + kmp(xd − x) + kmd(x˙d − x˙)










not even which implied more slip occurs on the wheels. On the other hand, the
evenness of wheel speeds was much better when slip constraint force control scheme
was incorporated as shown in Fig. 5.11 (b).
Fig. 5.12 shows on-the-ground test of proposed controller in Table 5.5. The
evenness of individual wheels’ driving speeds during two force-guided motions of the
mobile robot were captured. In order to repeat the same motions as much as possible,
the operator has tried to apply the same force commands and moved the robot at the
same location for the two guided motions. When slip constraint force control scheme
was not incorporated as shown in Fig. 5.12 (a), wheel speeds were not even which
implied more slip occurs on the wheels. On the other hand, the evenness of wheel
speeds was much better when slip constraint force control scheme was incorporated
as shown in Fig. 5.12 (b).
94












Force−Guided Mobile Robot without Slip   
Constraint Force Control (Off−the−Ground)
 
 










Force−Guided Mobile Robot with Slip      







Figure 5.11: Off-the-ground test for the force-guided wheeled mobile robot. (a) Wheel slip
was detected when the slip constraint force control scheme was not implemented. (b) Wheel
slip was eliminated when the slip constraint force control scheme was implemented.
The above experimental results obtained for the force-guided wheeled mobile
robot have been published in [117]. Two video clips demonstrate part of the re-
search results of the aforementioned mobile manipulation project: one is the force-
guided wheeled mobile robot with slip constraint force control (http://ams.simtech.a-
star.edu.sg/robot/uploads/MobileBase-WalkThrough.wmv) and the other one is the
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Figure 5.12: On-the-ground test for the force-guided wheeled mobile robot. (a) Uneven
wheel velocities were observed (implies significant wheel slip) when the slip constraint force
control scheme was not implemented. (b) Even wheel velocities were observed (implies
minimum wheel slip) when the slip constraint force control scheme was implemented.
lead-through motion of the full mobile manipulator (http://ams. simtech.a-star.edu.sg/
robot/uploads/CombinedForceMotion-mobile-manip.mpg) shown in Fig. 5.10.
5.3 Slip Control for Rough Terrain Navigation
In general, the slip problem of WMRs is not serious in structured environments
such as rigid flat surfaces or indoor environments. The purpose of slip control in these
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environments is mainly to achieve better localization accuracy in applications such
as navigation or to ensure the success of a task in task-critical applications such as
planetary exploration. However, in rough terrain navigation tasks, the critical mission
of WMRs is to reliably move from the current location to the goal location. Thus
wheel slip control becomes critical because wheel slip critically determines the traction
performance of the system. For robust navigation on rough terrains, slip control
becomes an important element of the system controller. The wheel-ground interaction
model, which describes the relation between slip and traction force, becomes the
critical dynamics to be considered.
Although we have presented the wheel-ground interaction model that comple-
ments the rigid body dynamic model, this model is not explicitly utilized in our slip
control schemes presented in previous chapters. In rough terrain navigation tasks, the
wheel-ground interaction dynamics becomes significant due to the highly time vary-
ing characteristic of the system dynamics in rough terrains. Therefore the controller
should take the wheel-ground interaction dynamics into account for rough terrain
navigation tasks.
In the following we present two schemes for achieving rough terrain navigation.
One is the slip ratio control using sliding mode and the other one is the adaptive
terrain parameter identification using the Recursive Least Squares estimator.
5.3.1 Sliding Mode Slip Ratio Control
As can be seen from the λ−µ curves (Fig. 3.8), the maximal traction force occurs
at non-zero slip. In order to achieve the best tractive performance, it is desirable to
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control the slip ratio at a desired value so that the tractive performance of the wheel-
ground contact is optimized. One objective of slip ratio control is to drive the actual
slip ratio towards the optimal traction force. Another objective of slip ratio control
is to maintain the slip ratio within the stable region of the λ − µ curve, that is, the
(0, µp) region of the curve. In below we will first derive the state space representation
of the equations of motion of the wheel with the slip ratio as the state. Sliding mode
controller will then be designed to form a explicit slip ratio control scheme.
Wheel Dynamics in Terms of Slip Ratio
By differentiating the slip ratio as described in Eq. 3.43, we obtain:
λ˙ =
(1− λ)ρ¨r − v˙x
ρ˙r
(5.8)
It is noted that Eq. 5.8 is for the acceleration case where ρ˙r > vx. The model for the
deceleration case can be easily derived similarly.
As we only consider the wheel body dynamics, the longitudinal wheel dynamic
model is simply
Fx = mv˙x (5.9)
where m is the mass of the wheel body.
Combining Eq. 5.8, Eq. 5.9, the wheel dynamic model Eq. 3.45 and the slip-
friction model Eq. 3.46, The dynamics of the wheel body taken into account the slip
ratio is given as
λ˙ = f + gu (5.10)
where








Denote λ as the state and λd the desired state, the sliding variable is defined as
s = λd − λ (5.11)
The sliding variable s is used by the sliding mode control to change the structure
of the control law.
The sliding mode slip ratio controller can be written as:
u =
−f + λ˙d + ksgn(s)
g
(5.12)
where k is the sliding control gain.
Eq. (5.12) is the conventional structure of sliding mode controller. However, the
notorious chattering problem makes it impractical to directly adopt the conventional
sliding mode control structure. Therefore, instead of applying Eq. (5.12), the Low
Pass Filtered Integral Sliding Mode Control (LPFISMC) scheme developed in Section
5.2.1 was adopted to reduce the chattering problem.
Fig. 5.13 shows the block diagram of the ADAMS/Simulink co-simulation block
diagram of the sliding mode slip ratio control for one wheel. Fig. 5.14 shows the
simulation result of block diagram 5.13. The desired slip ratio is set to be 0.2. It
can be seen the slip ratio tracked the desired slip ratio successfully with the proposed




































Figure 5.13: ADAMS/Simulink co-simulation block diagram for sliding mode slip ratio
control of one wheel body.
Fig. 5.15 shows the ADAMS/Simulink co-simulation block diagram of the sliding
mode slip ratio control for one wheel with the wheel linear velocity estimated by an
sliding mode observer proposed in Chapter 4. Fig. 5.16 shows the slip ratio tracking
result of the simulation. The simulation setup in this experiment is same as Fig. 5.13.
It can be seen from Fig. 5.13 that, with the combination of sliding mode controller
and sliding mode observer, the slip ratio tracking performance is comparable to that
of the sliding mode controller (Fig. 5.14).
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Simulation of Sliding Mode Slip Ratio Control for One Wheel
Actual slip ratio
Desired slip ratio
Figure 5.14: Slip ratio tracking performance of the sliding mode slip ratio control for one
wheel body.
5.3.2 Adaptive Terrain Identification
In rough terrain environments, the characteristics of the changing terrains may
be significantly different. So the controller of the mobile robot is required to perform
normally in different terrains. That is, the controller is required to be adaptive.
Since the wheel-ground interaction model is critical in rough terrain mobility, the













































Figure 5.15: ADAMS/Simulink co-simulation block diagram for sliding mode slip ratio
control with sliding mode observer for one wheel body.
In order to utilize the sliding mode slip ratio controller effectively, it is necessary to
know about the optimal friction coefficient of different terrains. Since the optimal slip
ratio is different for different types of terrain, it is essential to obtain this optimal slip
ratio information for a particular type of terrain. In follows we propose a scheme to
adaptively identify the terrain type combining a sliding mode observer for estimating
the wheel linear velocity and a recursive least squares estimator for estimating the
slowly changing terrain parameters. The advantage of this scheme is its ease for real
time implementation. The proposed adaptive terrain identification is shown in the
block diagram in Fig. 5.17. The inputs of the scheme are the joint angle ρ and
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Simulation of Sliding Mode Slip Ratio with 
Sliding Mode Observer for One Wheel
Actual slip ratio
Desired slip ratio
Figure 5.16: Slip ratio tracking performance of the sliding mode slip ratio control with
sliding mode observer for one wheel body.
the joint torque τ . Both wheel angular velocity ρ˙ and wheel longitudinal velocity
p˙x are estimated using the sliding mode observer as proposed in Chapter 4. With
the wheel-ground interaction model, the friction coefficient µ and slip ratio λ are
computed. The computed friction coefficient and slip ratio will be input into the












τρ = µFzr + Iρρ¨
λ = rρ˙−vx
max(rρ˙,vx)
Figure 5.17: Block diagram of adaptive terrain identification based on the wheel-ground



















Figure 5.18: Empirical λ− µ curves for different terrains.
Model-Based Terrain Identification
Fig. 5.18 shows that empirical λ − µ curves for different terrains. As presented
in Chapter 3, the λ − µ curves for different terrains can be approximated using the
Kinecke Model [73] as given by Eq. 3.47.104
By observation, this equation is a 2nd-order system with respect to the slip ratio.
For convenience of deriving a linear form for this equation, we define two coefficients
c1 and c2 for this 2nd-order system with respect to the slip ratio. Replacing λp and














For the convenience of estimation, we re-write the above model into the linear-in-
the-parameters form as follows.
























It can seen from above model equations that the friction coefficient µ is required
in identifying the known parameters. We have studied two methods for obtaining
the friction coefficient. The first method is, in the case of a recursive identifier, we
update both the parameters being identified and the friction coefficient in a similar
recursive manner. The recursive updating law for the friction coefficient is chosen as
µˆ(k) =
cˆ1(k − 1)λ(k)
cˆ2(k − 1) + λ2(k) (5.15)
However, it is verified through numerical simulation that this method cannot guar-
antee the convergence of the both friction coefficient and the unknown parameters
being identified. Therefore, an alternative method was adopted to obtain the friction
coefficient. The alternative method is, once again, a model-based method. We rewrite
the wheel dynamic model 3.45 and 3.46 here
Iρρ¨ = τρ − Fxr
Fx = µFz
It can be seen that the friction coefficient can be computed with the availability of
wheel torque and wheel angular acceleration. Wheel torque is assumed be available
from the motor current measurement. However, wheel angular acceleration is not
directly measured. It is natural that we can obtain wheel angular acceleration through
numerical differentiation of the wheel angular velocity. However, it is well known
that acceleration estimation using position or velocity signals is usually difficult due
to noise issues. A low pass filtering technique call torque filtering as studied in [121]
helps overcoming this problem. Applying a low pass filter to both sides of Eq. 5.14
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yields
(Y )l = (Φ)lΘ (5.16)
where
(·)l = L−1[ l
l + s
L(·)]
where L() and L−1() represent the Laplace transformation and the inverse Laplace
transformation respectively, and l is the parameter for the first order low pass filter.
Although adopting the torque filtering technique eliminates the requirement of
wheel angular acceleration, wheel angular velocity and wheel longitudinal velocity
are still needed for successfully identifying the terrain characteristics. This problem
has already be studied in the previous chapter where sliding mode observer has been
introduced to obtain these velocities.
Recursive Least Squares with Exponential Forgetting
Recursive least squares (RLS) estimator is widely used for on-line parameter es-
timation applicable to systems that are linear-in-the-parameters. This method has
the capability of estimating time-varying parameter, and it is known to have good
robustness with respect to noise and disturbance [122]. The use of forgetting factor
discounts the influence of the past data in the estimation of the current parameter.
This property is very useful in dealing with time-varying parameter. Since RLS is for
linear systems, we need to first describe the system in a linear discrete form. In order
to form a linear system of equations, we need to re-construct the original Kiencke
model as follows.
Θˆ(k) = Θˆ(k − 1) + P (k)(y(k)− ϕ(k)T Θˆ(k − 1)) (5.17)
107
P (k) = Q(k − 1)ϕ(k)(λI + ϕT (k)Q(k − 1)ϕ(k))−1 (5.18)
Q(k) = Q(k − 1)(I − P (k)ϕT (k))/λ (5.19)
where λ is a parameter such that 0 < λ < 1. The parameter λ is called the forgetting
factor. The most recent data is given unit weight, but data that is n time units old is
weighted by λn. This method is called exponential forgetting [122]. P (k) and Q(k) are
two gain matrices that drive the estimator to converge. The inputs of the estimator
are the initial guess of the parameters Θˆ(t0) and gain matrix Q(t0) = (Φ
T (t0)Φ(t0))
−1.
To obtain an initial condition for Q, it is thus necessary to choose k = t0 such that
ΦT (t0)Φ(t0) is nonsingular.
In order to validate the effectiveness of this method, numerical simulation is con-
ducted. As we decompose the operational forces into the lateral and longitudinal
forces, the longitudinal wheel dynamics can be considered independently. Therefore,
simulation with one wheel is chosen to test the effectiveness of Recursive least Squares
with Exponential Forgetting (RLSEF).
In the simulation, random noise of plus minus 10 percents were added to the
velocity signals. Forgetting factor in the simulation is chosen to be 0.8. Low pass
filter parameter is chosen as l = 1. The wheel torque input is chosen as sinusoidal.
High frequency harmonics was added to the signal to simulate the noise in the wheel
torque signal. The low pass filter used two purposes: firstly, it improves the signal-
to-noise ratio by filtering the wheel torque as well as the regression matrix; secondly,
with the low pass filter, measurement of the wheel angular acceleration or linear
acceleration is not required. The results are shown in Figs. 5.19 and 5.20.
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Slip curve parameter estimation: peak slip ratio
 
 
Estimated peak slip ratio 
Nominal peak slip ratio
Figure 5.19: Parameter estimation of the λ − µ curve: estimation of the critical slip ratio
corresponding to the peak friction coefficient.
5.4 Summary: Multi-Objective Controller Design
With the combination of the controllers proposed in this chapters, we achieve the
following multiple objectives simultaneously
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Slip curve parameter estimation: peak friction coefficient
 
 
Estimated peak friction coefficient
Nominal peak friction coefficient
Figure 5.20: Parameter estimation of the λ − µ curve: estimation of the peak friction
coefficient
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• operational space control.
The adoption of the operational space formulation provides an unified and pow-
erful control framework for different control modes such as trajectory tracking
and hybrid force/motion control, and such control framework is applicable to
almost any mechanism configurations such as serial manipulators, parallel ma-
nipulators, mobile robot and mobile manipulators.
• internal force control.
The proposed slip minimization by regulating the internal forces in the wheel-
ground interaction thanks to the actuation redundancy of the mobile robot with
powered caster wheels. The internal force controller can be integrated into the
operational space control framework through null space torque projection.
• slip ratio control.
The proposed sliding mode slip ratio controller is aggressive control strategy in
cases when wheel slip dynamics is significant in the wheel-ground interaction.
It is expected that this controller would be more significant for outdoor vehicles
where compliant pneumatic tire wheel moving high speed on unstructured road
conditions. However, this technique is studied in this research as well. If wheel
slip is successfully detected in indoor wheeled mobile robots, sliding mode con-
troller could effectively regulate the wheel slip behavior. Sliding slip control can
also be integrated into the operational space control framework through gener-
ating compensating wheel torque to account for the wheel-ground interaction
dynamics.
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• adaptive terrain identification.
Sensing or estimating the external environment is an important research prob-
lem in robotics. It is always effective to study a problem through the mathe-
matical modeling of the problem. As wheel slip dynamic model represents the
interaction between terrain characteristic and wheel motion, identifying terrain
characteristics should be feasible by accurately measuring the wheel motion
and reliable signal processing techniques. The developed recursive least squares
estimator in this chapter represents a practical and yet effective strategy for





A systematic study of the slip problem for wheeled mobile robots has been con-
ducted in this research. Three main aspects of the slip problem are addressed: slip
modelling, slip detection and slip control. The collective objective of this research
is to develop effective slip control strategies for achieving robust mobility of wheeled
mobile robots in both structured and unstructured environments.
In this research, wheel-ground interaction model is introduced and this comple-
ments the conventional rigid body dynamic model. By taking the longitudinal and
lateral velocities of each wheel as the generalized velocities of the system, both kine-
matic and dynamic equations of the system are described explicitly in terms of slip.
Real time slip detection and estimation schemes have been presented. The effec-
tiveness of the proposed schemes are verified. Robust estimating technique based on
sliding mode is shown effective with a simplified wheel-ground interaction model.
The main work of this research is on the proposition of several slip control schemes.
The proposed internal force based control schemes is effective for slip control of
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wheeled mobile robots. Thanks to the actuation redundancy of the system, oper-
ational space control is decoupled from the internal force space control. The perfor-
mance of the proposed slip control schemes is validated by both simulation and real
time experiments.
The internal force based control structure has also been applied to force-controlled
wheeled mobile robots. The proposed slip control scheme has also been combined
with the unified force/motion control framework for a mobile manipulator. Exper-
imental results confirm the slip reduction effect of the proposed scheme for both
force-controlled WMRs and the mobile manipulator.
Explicit slip ratio control and real time adaptive terrain identification, which are
suitable for rough terrains, are proposed. Simulation and experimental results show
the potential of combining these two techniques together with the internal force con-
trol structure to achieve rough terrain mobility.
6.2 Contributions
The main contributions of this research are summarized as follows.
• Systematic study of slip problem for wheeled mobile robots is con-
ducted.
Main aspects of slip problem for wheeled mobile robots have been researched
respectively. With all these main aspects studied, general and complete slip
control framework for wheeled mobile robots can be developed.
• Physically meaningful and general slip control structure is developed
based on internal force analysis for wheeled mobile robots.
The proposed slip control scheme is physically meaningful as it is based on the
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internal force analysis of the system. The internal force slip control scheme is
also general as internal force analysis can always been conducted for wheeled
mobile robots.
• Slip control for both force-controlled wheeled mobile robot and mo-
bile manipulator is achieved.
Controlling wheeled mobile robots in mobile manipulation systems with uni-
fied force/motion control capability is challenging. The proposed slip control
schemes have been successfully implemented for mobile manipulation.
• Robust slip control and adaptive terrain identification are developed
towards rough terrain mobility.
Combining these schemes with the internal force control structure provides a
flexible and reliable slip control scheme for rough terrain negotiations of wheeled
mobile robots.
6.3 Limitations
This research is limited to planar WMRs due to the fact that the experimental
setup without suspension system is mainly for indoor environments. Limitations of
this research related to the planar constraint are summarized as follows.
• The simplified wheel-ground interaction model presented in this research is not
sufficient to model the complex slip behavior of the wheel in rough terrains.
• The internal force analysis for planar WMRs presented in this research becomes
invalid in the case of rough terrains.
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• The vertical forces acted on the wheel is same for all wheels for planar WMRs.
However, this is not valid for WMRs working in rough terrains. The effective
radius of each becomes varying for changing vertical forces acting on the wheel.
Slip estimation for varying effective wheel radius is challenging.
6.4 Future Work
Interesting future work for this research is to overcome the limitations discussed
above. In order to achieve robust rough terrain mobility, some recommended future
research topics are summarized as follows.
• Robust rough terrain mobility requires more sensing information and more ad-
vanced state estimation techniques than those used in this research. Real time
visual sensing has good potential for motion estimation and terrain classifica-
tion. Due to the highly uncertain feature of wheel-ground interaction in rough
terrains, sensor fusion techniques and statistical estimation techniques, such as
extended Kalman filter or particle filter, are worthwhile for future work of this
research.
• Fault detection and identification (FDI) and fault tolerant control (FTC) are
important strategies for robust rough terrain mobility. The structure of sliding
mode observer makes it suitable for FDI and the switching characteristic of
sliding mode controller makes it feasible for FTC. It is worthwhile applying the
sliding mode techniques used in this research to FDI and FTC.
• The omnidirectional mobility, singularity-free and redundant actuation char-
acteristics of PCW-based WMRs make this type of robot suitable for rough
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terrain applications such as planetary exploration. It is interesting to develop
PCW-based WMRs to work in rough terrains.
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APPENDIX B
AUGMENTED OBJECT MODEL FOR THE TESTED
ROBOT
B.1 Kinetic Energy Matrix Λ
The operational space kinetic energy matrix Λ for the tested robot in this thesis.
Following Figure 1.6 and 1.7, we model each PCW module of the robot as a 3-DOF
serial manipulator. The difference between our modelling and that of Holmberg [6]
is that we consider the chassis of the robot as the loading grasped by cooperative
manipulators (wheels). This is expected to improve the modelling accuracy. In the
following formulation, we assume the parameters for each wheel are exactly the same.
It is noted that the unmeasurable twist joint angle is required for the dynamic model
computation. This is obtained from the parallel kinematics of the mobile robot where
the passive joint angles can be calculated from the measurement of the active joint
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2m3)− 2b2(Ixx1 + Iyy1 + 2m1r2))cos(2(βi − φi))




[h2r2(4Izz1 + 4Izz2 + h
2m3) + 2b
2(4r2Izz3 + h
2(Ixx1 + Iyy1 + r
2(2m1
+4m2 +m3))) + h
2(−4bhm3r2cos(φi) + (r2(4Izz1 + 4Izz2 + h2m3)




[(2b2(Ixx1 + Iyy1 + 2m1r
2)− r2(4Izz1 + 4Izz2 + h2m3) + 2b2




[(2b2(Ixx1 + Iyy1 + 2r
2(m1 +m2 +m3))− r2(4Izz1
+4Izz2 + h
2m3))sin(βi) + (2b
2(Ixx1 + Iyy1 + 2m1r
2)− r2(4Izz1
+4Izz2 + h
2m3))sin(βi − 2φi) + 2b(2b(Ixx1 − Iyy1)cos(βi − φi)
cos(2σi)sin(φi) + hm3r




[(r2(4Izz1 + 4Izz2 + h
2m3) + 2b
2(Ixx1 + Iyy1 + 2r
2(m1 +m2
+m3)))cos(βi) + (r
2(4Izz1 + 4Izz2 + h
2m3)− 2b2(Ixx1 + Iyy1
+2m1r
2))cos(βi − 2φi) + 4b2(Ixx1 − Iyy1)cos(2σi)sin(βi − φi)
sin(φi)− 2bhm3r2(3cos(βi)cos(φi) + sin(βi)sin(φi))]
B.2 Coriolis/Centrifugal Force Vector ϑ
ϑ = J−T b[q˙q˙]− Λh[q˙q˙]
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J−T =
 sin(βi − φi)/b −cos(βi − φi)/r −sin(βi − φi)/b−cos(βi − φi)/b −sin(βi − φi)/r cos(βi − φi)/b
−cos(φi)h/b sin(φi)h/r 1 + cos(φi)h/b

b[q˙q˙] =









BASICS OF SLIDING MODE
Sliding mode technique has been used in both state estimation and controller
design in this thesis. It was used to design velocity observer to estimate the unmea-
surable system states. It was also used to construct robust slip ratio controller.
We use a single input second order system to present the procedures of design-
ing sliding mode observer/controller and derive the conditions that guarantee the
accesibility/stability of the system.
A simple second order system with single input is:
x¨ = f + u
where u is the control input, x is the state and f is a nonlinear function of x which
is not exactly known but estimated as feq. The upper bound F of the uncertainty of
f is defined as the smallest real number satisfying
|feq − f | ≤ F
The aim of the controller is to drive the state x to a desired state xd. Define the state
error as:
e = xd − x
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Then,
e˙ = x˙d − x˙
and,
e¨ = x¨d − x¨
The system equation becomes
e˙ = x˙d − f − u
A sliding plane is defined as:
s = e˙+ λe
where λ is a positive constant which determines the convergence rate of the system
when the sliding plane is hit. Consider
s˙ = e¨+ λe˙ = x¨− f − u+ λe˙
When the system is staying on the sliding plane, it is controlled by the continuous
control signal u = ueq which is called the equivalent control. Hence,
ueq = x¨− feq + λe˙
To tackle the uncertainty of f , a discontinuous control signal udis is added to the
control input.
u = ueq + udis
udis = k sgn(s)
where sgn is the sign function. k is a positive constant that describes the amplitude
of the discontinuous control signal. It should be large enough to overcome the uncer-
tainty of f . To ensure the system stability, the existence and the reachability of the
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sliding plane, the following sliding condition should be satisfied:
ss˙ < −η |s|
where η is a positive constant that governs the reaching time, i.e. the time taken to
hit the sliding plane if the initial state is not on the plane.
ss˙ = s(feq − f)− k |s| < −η |s|
A sufficient condition for k is
k > F + η




Simulation is the first step to design, identify and control robots and it’s a pow-
erful technique to improve quality and productivity of research work. Using software
environment, one can visually design and model systems by means of simulating sep-
arate parts of these systems and investigating its behavior under conditions that are
close to real ones.
The simulation platform used in this thesis is known as Virtual Prototyping.
Virtual Prototyping is ordinary tool nowadays to simulate mechanical systems.
Fig. D.1 shows the important role of Virtual Prototyping in system development.
Between the conceptual design and the physical prototyping, Virtual Prototyping
synchronizes mechanical design and control design.
Virtual Prototyping is formed by integrating three simulation platforms to be a
powerful and realistic simulation environment.
• 3D graphical modelling platform.
3D modelling packages such as ProEngineer, UniGraphics, Solidworks and Solid-
Edge, are used to construct the 3D CAD model of mechanism.
Fig. D.2 shows the modelling of the tested mobile robot using SOLIDWORKS
and its COSMOS/MOTION module.
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Figure D.1: Virtual Prototyping is an important step between conceptual design stage and
physical prototyping stage. Image source: mscsoftware.com.
• Mechanical system simulation platform.
MSC.ADAMS is the world’s most widely used mechanical system simulation
software. It is a motion simulation solution for analyzing complex behavior of
mechanical systems.
For simple mechanical systems, the modelling can directly be done in MSC.ADAMS.
For complex systems, MSC.ADAMS provides the interface for importing 3D
models from widely known CAD systems such as CATIA, PRO-ENGINEER,
UNIGRAPHICS, SOLIDWORKS and SOLIDEDGE. Fig. D.3 shows the sys-
tem model imported into MSC.ADAMS from SOLIDWORKS.
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Figure D.2: Usually the first step of virtual prototyping is to construct the 3D mechan-
ical structure using CAD packages such as Solidworks, UniGraphics or ProEngineer.
This image shows the 3D Solidworks CAD model of the tested mobile manipulator.
The next step is to import the CAD model to the MSC.ADAMS package for realistic
dynamic simulation.
For modelling and simulation of complex mechanical dynamical systems, MSC.ADAMS
is a very useful software package. Unfortunately, it has some disadvantages
with respect to the design of controllers for these systems. For these purposes,
MSC.ADAMS provides interface for it to work with sophisticated controller de-
sign software such as MATLAB/SIMULINK. System inputs and outputs are
first defined in the MSC.ADAMS model as shown in Fig. D.3, and then the
model is exported to a format that can be read by the control application.
• Control system simulation platform.
Matlab/SIMULINK is the de-feco software environment for both numerical and
graphical simulation. One of the powerfulness of MATLAB/SIMULINK is its
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Figure D.3: Co-simulation between MSC.ADAMS (multi-body dynamics simula-
tion package) and Matlab/Simulink (control design package) is done after the 3D
CAD model of the system is imported into the MSC.ADAMS. The interface be-
tween MSC.ADAMS and Matlab/Simulink is the system inputs and outputs defined
in MSC.ADAMS.
convenience of constructing controllers because it has a lot of build-in control
strategies and analysis tools, both linear and nonlinear.
There are two possibilities to co-simulate the controller and the system us-
ing MSC.ADAMS and Matlab/SIMULINK. First of all there is an option in
MSC.ADAMS to linearize and export systems as a set of linear state space ma-
trices. These are very convenient for controller-design and system analysis using
Matlab/SIMULINK. There is also an ADAMS-plugin called ADAMS/Controls
that uses state variables to interact with Matlab/SIMULINK, intended to sim-
plify controller-design (using Matlab/SIMULINK only for the controller and
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MSC.ADAMS for accurate simulation of the mechanical system). We adopted
the second way of co-simulation in this thesis.
Fig. D.5 shows a controller diagram constructed in Simulink. The MSC.ADAMS
model appears as a subsystem in Simulink that has as many inputs and outputs
as defined in MSC.ADAMS. Now a controller can be build in Simulink. The
inputs for the controller are the outputs from the MSC.ADAMS subsystem and
the outputs from the controller are the inputs for the MSC.ADAMS subsystem
as shown in Fig. D.4. The communication between the control design package
Matlab/Simulink and multi-body dynamics simulation package MSC.ADAMS
is through either PIPE or TCP/IP protocol.
Figure D.4: The interface between MSC.ADAMS and Matlab/Simulink is based on
the system input/output concept. A virtual prototype is built with the close loop
simulation that combines the virtual controller and the multi-body dynamic physics
engine. Image source: mscsoftware.com.
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Figure D.5: After the virtual prototype is built, users can focus on the virtual con-
troller design. This image shows a trajectory tracking controller designed for the
tested wheeled mobile robot with Simulink.
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